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Introduction 



The question arises when one watches movies such as Star Trek: what is a black hole ? One 
knows from special relativity that light speed cannot be exceeded. So, as a first attempt to define 
the notion of black hole, we just say that it is a region of the space from which even light cannot 
escape. Such an object causes a scientific problem because it is by assumption not observable. 
This fact allows science-fiction writers to invent anything without any chance of contradiction. 
That is a Star Trek black hole. 

Physical black holes are much more interesting because they are the signal of a general 
relativity failure. 

The Newtonian gravitational field is given by a potential which increases as 1/r when you get 
closer to a massive object. At r = 0, this potential makes no sense and physics is in trouble. One 
can avoid the problem by postulating that there exist no pointwise masses and that particles 
cannot penetrate each other. Prom these assumptions, the fact that Newtonian mechanics does 
not impose any limit speed makes the divergence at r = unimportant. 

In general relativity, the divergence at small distances is much more problematic because 
there is a limit speed; hence a pointwise mass always creates a whole region from which nothing 
(not even light) can escape. Worse: even a homogeneous ball produces a divergence in the 
metric when it is too dense, and such objects may exist in the real world. Stated in a more 
mathematical way: solutions of Einstein's equations for the real world may be singular. Prom 
this point of view, black holes are nothing else than a feature in the mathematical framework 
of relativity which indicates that this is not a final theory. That is the notion of black hole in 
general relativity and in cosmology. 

The transfer of concept from physics to mathematics always consists in taking the key features 
of the mathematical framework of a physical theory and posing them as definition of a new 
mathematical object. What are the main mathematical points in the concept of black hole in 
general relativity ? First, we retain the notion of pseudo-Riemannian manifold. The sign of the 
norm of a vector is the crucial property which allows one to define causality (the light cone). 

The second main feature that we extract from the physical situation is the fact that a general 
relativity black hole has a non empty interior. We saw that this is the key differencx; between 
the Newtonian case in which all points are equivalent except the unique point where the mass 
lies, and the general relativistic case in which a whole region was causally disconnected from the 
rest of the space. 

More precisely, as mathematicians, we ask a black hole to separate the pseudo-Riemannian 
manifold into two causally disconnected parts in the sense that no light-like geodesies can reach 
the second region from the first one. Notice that we do not include metric singularity in our 
mathematical black hole notion. In cosmology, in contrast, black holes always take root in a 
divergence of some metric invariant such as the curvature. 

The anti de Sitter space is a solution of Einstein's equations with constant negative curvature. 
We consider this space as our framework. First, we define as singular the closed orbits of the 
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action of some subgroup of the isometry group SO (2, n) of anti de Sitter. This is done in such 
a way to generahze to any dimensions the celebrated BTZ black hole. Then we prove that the 
resulting structure is a black hole in the sense that it cuts the space into two parts : an interior 
region from which every light-like geodesic intersects the singularity and an exterior region in 
which every point accepts at least one light-like geodesies which does not intersect the singularity. 
Notice that our black hole does not present any curvature singularity. 

The second theme of this thesis is deformation quantization. The key ingredient of quantum 
mechanics is the noncommutativity of quantum observables. When one tries to measure the 
velocity and the position of a classical particle (such as a tennis ball or a planet), one can choose 
the order of measurement. It does not matter which of velocity or position is measured first. 
Quantum mechanics (the mechanics which governs subatomic particles) is very different. If you 
measure the position of an electron and then you measure its velocity, you do not get the same 
result as if you had measured the velocity first and then the position. That noncommutativity 
in measurements is the very foundation of the quantum mechanics. In the usual mathematical 
framework, it is implemented by describing each measurable quantity by an operator acting 
on a Hilbert space. The eigenvalues of these operators correspond to physical measurements. 
The position and momentum operators for example are respectively f(x) i— >■ xf(x) and f(x) >--> 
—ih{dxf){x). These two operators obviously do not commute. 

In a more abstract way, we say that noncommutativity of quantum mechanics is implemented 
by considering some noncommutative algebra of operators acting on a Hilbert space, while the 
classical mechanics deals with observables that are usual functions that form a commutative 
algebra. The procedure to pass from commutative function algebras to noncommutative operator 
algebras is the so-called quantization in physics. 

In our sense^, deforming a manifold is simply putting a one-parameter family of new non- 
commutative products on the set of functions on this manifold. We impose that it reduces to the 
usual commutative product when the parameter goes to zero. In order to speak of quantization, 
we ask the first order term in the expansion with respect to the parameter to somehow "contain" 
the symplectic structure given on the original manifold. 

Questions that arise in this context are: is it possible to study causality in a noncommutative 
framework ? does it apply to real physics ? 

The main result of the present work is not to directly address these large questions, but 
to build a concrete example in which one can work. Namely, we consider the anti de Sitter 
space — that is the simplest non trivial solution of Einstein's equations with constant negative 
curvature — that we endow with a black hole structure defined from the action of a subgroup of 
the isometry group. Then we select the physical part of the space — the one which is causally 
connected to infinity — and we perform a deformation of that part. 

The work is divided into three main parts. In a first time (chapter 1) we define a "BTZ" black 
hole in anti de Sitter space in any dimension. That will be done by means of group theoretical 
and symmetric spaces considerations. A physical "good domain" is identified as an open orbit 
of a subgroup of the isometry group of anti de Sitter. 

Then (chapter 2) we show that the open orbit is in fact isomorphic to a group (we introduce 
the notion of globally group type manifold) for which a quantization exists. The quantization of 
the black hole is performed and its Dirac operator is computed. 

The third part (appendix A and B) exposes some previously known results. Appendix A 
is given in a pedagogical purpose: it exposes generalities about deformation quantization and 
careful examples with SL(2,]R) and split extensions of Heisenberg algebras. Appendix B is de- 
voted to some classical results about homogeneous spaces and Iwasawa decompositions. Explicit 

^Quantization is a very large field of mathematics; as far I know, the idea of noncommutativity is always 
present, but precise notion of "to quantize something" may vary from one subject to another 
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decompositions are given for every algebra that will be used in the thesis. It serves to make the 
whole text more self contained and to fix notations. Basics of quantization by group action are 
given in appendix A. 4. 

One more chapter is inserted (chapter 3). It contains two small results which have no true 
interest by themselves but which raise questions and call for further development. We discuss 
a product on the half-plane (or, equivalently, on the Iwasawa subgroup of SL(2, R)) due to A. 
Unterberger. We show that the quantization by group action machinery can be applied to this 
product in order to deform the dual of the Lie algebra of that Iwasawa subgroup. Although 
this result seems promising, we show by two examples that the product is not universal in the 
sense that even the product of compactly supported functions cannot be defined on AdS2 by the 
quantization induced by Unterberger's product. 

Then we show that the Iwasawa subgroup of S0(2,n) (i.e. the group which defines the 
singularity) is a symplectic split extension of the Iwasawa subgroup of SU{1, 1) by the Iwasawa 
subgroup of SU{l,n). A quantization of the two latter groups being known, a quantization of 
SO{2,n) is in principle possible using an extension lemma (subsection A. 3). Properties of this 
product and the resulting quantization of AdSi were not investigated because we found a more 
economical way to quantize AdSi. 
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Chapter 1 

Black holes in anti de Sitter 
spaces 

Abstract 

This chapter deals with black holes in anti dc Sitter spaces. The latter are the simplest 
non flat solutions to Einstein's equations with constant negative cosrriological constant; they 
are in particular pseudo-Riemannian manifolds that carry a causal structure, physically due 
to the finiteness of speed of light. That physical restriction is mathematically encoded by the 
existence of three types of geodesies: the space-, time- and light-like ones, existence which 
is in turn implied by the non positivitj^ of the metric. A causal structure is introduced 
by defining two points as causally connected when there exists a time- or light-like path 
connecting them. 

The originality of our approach is that the /-dimensional space AdSi is seen as a quotient 
of groups SO(2, 1 — 1)/ SO(l, I — 1) = G/H, and that the special causal black hole structure 
is described in terms of orbits of the action of a subgroup of the isometry group of the 
manifold. 

Using symmetric spaces techniques, we show that closed orbits of the Iwasawa subgroup 
of SO(2, 1 — 1) naturally define a causal black hole singularity in anti de Sitter spaces in Z ^ 3 
dimensions. In particular, we recover for Z = 3 the non-rotating massive BTZ black hole. 
The method presented here is very simple and in principle generalizable to any semisimple 
symmetric space. 

1.1 Introduction 

1.1.1 General ideas of a black hole 

The basic notions needed in order to define a causal structure on a time orientable pseudo- 
Riemannian manifold are that of time-, light- and space-like tangent vector. A tangent vector 
is said to be respectively time-, space- or light-like when its norm is positive, negative or null; 
physically, only time-like vectors are allowed to be the velocity of an observer (this is the fact 
that light speed cannot be attained by a massive particle), and it is only possible for massless 
particle (such as photons) to follow trajectories with light-like tangent vectors. 

From a geometric point of view, a black hole is the data of a causal manifold M together 
with a subset c M called singularity such that the whole manifold is divided into two parts: 
the interior and the exterior of the black hole. A point is said to be interior if all future light- 
like geodesies through the point have a non empty intersection with the singularity. A point is 
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exterior if it is not interior. An important subset of the space is the event horizon: the boundary 
between these two subsets. 

1.1.2 BTZ black hole 

The BTZ black hole introduced and developed by Bafiados, Teitelbaum, Zannelli and Henneaux 
in [1, 2] is an example of a black hole whose singularity is not motivated by metric divergences^. 
The construction is roughly as follows. We consider the anti de Sitter space in which we pick up 
a Killing vector field whose sign of norm is not constant. Then we perform a discrete quotient 
along the integral curves of this vector field. Of course we obtain a lot of closed geodesies. The 
point is that, in the region where the Killing vector field is space- like, these closed curves are 
space-like. That violates the physical principle of causality. For that reason, we decree that 
this region is singular or, equivalently, that the boundary of this region is singular. The BTZ 
singularity is then the loci where the chosen Killing vector field has a vanishing norm. Since 
discrete quotients do not affect local structures, the resulting space remains a solution of the 
(2 -I- l)-dimensional general relativity with negative cosmological constant^. In this context one 
can define pertinent notions of mass and angular momentum which depend on the chosen Killing 
vector field. 

In the case of the non-rotating massive BTZ black hole, the structure of the singularity and 
the horizon are closely related to the action of a minimal parabolic (Iwasawa) subgroup of the 
isometry group of anti de Sitter, see [3, 4]. The whole work on the BTZ black hole and the fact 
that it belongs to the class of causal symmetric spaces (for definitions and some examples, see 
[5]) motivate the following definition: 

Definition 1.1. 

A causal solvable symmetric black hole is a causal symmetric space where the closed orbits 
of minimal parabolic subgroups of its isometry group define a black hole singularity. See section 
1.2 for definitions of causality and singularity. 

1.1.3 Generalization and group setting 

The original BTZ black hole was constructed in dimension three, but we will see in this chap- 
ter that, exploiting their group theoretical description, they can easily be generalized to any 
dimension, as pointed out in [(>, 7]. Notice that higher-dimensional generalizations of the BTZ 
construction have been studied in the physics literature, by classifying the one-parameter isom- 
etry subgroups of lso{AdSi) = S0(2, / — 1), see [8, 9, 10, 11, 12, 13], but these approaches do 
not exploit the symmetric space structure of anti de Sitter. 

The structure that will be described with full details in next pages may be summarized 
as follows. Take G = S0(2,Z — 1), fix a Cartan involution 6 and a ^-commuting involutive 
automorphism cr of G such that the subgroup of G of the elements fixed by a is locally 
isomorphic to S0(1, ^ — 1). The quotient space M = G/H is a /-dimensional Lorentzian symmetric 
space, the anti de Sitter space-time. We denote by Q and H the Lie algebras of G and H. We 
have the decomposition Q = Ti ® Q into the +l-eigenspace of the differential at e of cr that we 
denote again by a. We also consider Q = IC®V, the Cartan decomposition induced by 9; and 

^It turns out that general relativity accepts a lot of solutions presenting metric divergences; or more precisely, 
there are a lot of physical situations from which Einstein's equations lead to divergences of some metric invariant 
such as the curvature. 

^For honesty, we have to warn the reader that the real world's cosmological constant has been measured very 
small but positive. We also have to point out that the four dimensional anti de Sitter space is a solution of general 
relativity without masses. From a physical point of view, this thesis has to be seen as a toy model. 
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A, a cr-stable maximally abelian subalgebra of P. A positive system of roots is chosen and let 
Af be the corresponding nilpotent subalgebra (see Iwasawa decomposition, theorem B.9). Set 
AT = 0{J\f), TZ = A®Af a,ndn = A®J7. Finally denote hy R = AN and R = AN the 
corresponding analytic subgroups of G. One then has 

Theorem 1.2. 

The I -dimensional anti de Sitter space with I ^ 3, seen as the symmetric space S0(2,Z — 
1)/S0(1,Z — 1), becomes a causal solvable symmetric black hole, as defined above, when the 
closed orbits of the Iwasawa subgroup R of S0{2, 1 — 1) and its Cartan conjugated R are said to 
be singular. There exists in particular a nan empty event horizon. There are finitely many such 
closed orbits. 

This chapter intends to prove this theorem, and for the sake of completeness, we also analyze 
in some detail in section 1.5 the two-dimensional case, for which the construction docs not yield 
a black hole structure. 

The black hole causal structure is thus completely determined by the action of a solvable 
group. This observation gives prominence to potential embeddings of these spaces in the frame- 
work of noncommutative geometry, in defining noncommutative causal black holes (see also [(i]) 
through the existence of universal deformation formulae for solvable groups actions which have 
been obtained in the context of WKB-quantization of symplectic symmetric spaces [14, 15]. 
These issues are investigated in chapter 2 and in [IG]. 

1.2 Causality, light cone and related topics 

1.2.1 Causality in anti de Sitter spaces 

We consider the ^-dimensional anti de Sitter space (see appendix B.9) 

= soaiLli ^" -li = !)• (1-1) 

According to proposition B.3, we can only consider the identity component of S0(2, ^ — 1) and 
S0(1, ^ — 1) instead of full groups. The metric that we put on AdSi is the one induced from the 
Killing form of S0(2, Z — 1) by formula (B.17). This metric has a Minkowskian signature, so that 
we have natural notions of time-, space- and light-like vectors. From now we denote by G and 
H the groups S0(2, / - 1) and S0(1, 1 - 1). 

The connected group S0o(2, / — 1) admits an Iwasawa decomposition ANK (see theorem 

B. 9). Let AN be the (?-conjugate'^group of AN where 9 is the Cartan involution of subsection 
B.7.1. We will see that the actions of AN and AN have closed and open orbits. The closed 
ones are denoted by -^an and -y^N ■ The following definition is motivated all previously existing 
work about BTZ black hole. 

Definition 1.3. 

The singularity in AdSi is the set 

= singularity = 5^ an ■S^an^ 

so that a point is singular when it belongs to a closed orbit of AN or AN. The black hole is 
defined as 

BH = {x€ AdSi st V time-like vector k 6 T^AdSi, l"; n S ^ 0} 

■^Roughly speaking, it corresponds to different choices in the Iwasawa decomposition of SO(2,Z — 1). 
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where is the (future directed) geodesic in the direction k starting at x (see equation (1.9) and 
the discussion above). 

The aim of this chapter is to prove that the so-defined black hole is non trivial in the sense 
that the following inclusions are strict: 



y cBH ^ AdSi. 



(1.2) 



In order to get a full definition of the black hole and its structure, we need to define and 
characterise the notions of light ray and light cone. These notions are of course directly issued 
from physics of relativity. 

Definition 1.4. 

A light ray is a geodesic whose tangent vector is everywhere light-like. 

Remark 1.5. The causal structure of a general pseudo-Riemannian manifold is the fact that 
two points are said to be causally connected when there exists a light ray which passes by both 
points. 

A light ray trough is given by a vector of Q with vanishing norm. So let us study these 
vectors. Let Ei = qo + qi and k, a general element of SO(n) which reads k = e^ with K 
a'3{E,j -Ej,),i,j ^3 and a'' 
and [iiT, Afc] = a^^A^. Hence, 



-a^\ If we pose Aj = Eij + Eji, we have [K, Ei] = {2ay^Aj 



adiKrE, = ((2a)")''Afc, 
Ad{k)Ei = e'^^'^Ei = i?i + 2 ((2a)")''Afc 



and 



E^ + Y, ((2«)") Afe-5^"3A 

E^ - ^31 - Si3 + (e'")''^j 
/-I 



where Wi = (e'^")'^. Under an explicit form, we have 



Ad(fc)£;i 



f 1 Wl W2 

-1 

Wl 
W2 

V : 



(1.3) 



(1.4) 



The exponential e^'^ being an element of SO(n), the parameters Wi are restricted by the condition 
2jfc = 1. Remark moreover that every matrix of S0(2) can be written under the form e^" for 
a good choice of a e so (2). The light cone is therefore given by the set of vectors of the form 

(l,Wi) with = 1. If we consider the metric diag{-\ ) on Q with respect to the basis 

{qi}, we have 



Ad(A:)£:i 



0. 
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This is coherent with the intuitive notion of Ught cone. It is on the one hand also true that every 
hght-hke vector of Q reads Ad{k)Ei for some k e SO(n). On the other hand every nilpotent 
element of Q is light-like because trace of nilpotent matrix is zero (using Engel's theorem) . In 
definitive, we proved the following: 

Proposition 1.6. 

When E is any nilpotent element of Q, the set of light-like vectors of Q is parametrized by 
XAd(k)E with k e SO(n) and A e R. 

Let us point out the fact that only the first column of the "direction" k e SO(n) has an 
importance in causality issues. So the word "directions" will often be used to refer to the 
vector w. It is not a particular feature of our particular matrix representation choic. Indeed 
the element k only appears in the combination Ad(fc)£' which is a light-like vector in Q, i.e. 
Ad{k)E = tq^ + YjiXiq^ with t^ —^^xj =0 for any orthonormal basis {q[} of Q. As far as 
causality is concerned, a rescaling Ad{k)E to XAd{k)E has no importance, so one can choice 
t = 1 and find back Xii ~ 1- We see that it is a natural feature that the light-like rays are 
parametrized by unital vectors of R". 

Lemma 1.7. 

Let E be a nilpotent element in Q, and n : G —>■ G/H , the canonical projection. A light ray 
through [g] 6 AdSi has the form 

;f^]W=.(5e-^<^«^) (1.5) 
for a certain k e Kh = K n H = SO(n). 

Proof. General theory of symmetric spaces (see [17], pages 230-233, particularly theorem 3.2) 
proves that a light ray through i) = [e] has the form 

.(t)=7r(e*^). 

In our context, we have the additional request for the tangent vector to be light-like. Proposition 
1.6 thus imposes X to be of the form Ad{k)E. That proves the claim for geodesies trough -d. 
The fact that drg is an nondegenerate isometry then extends the result to all points. 

□ 

Corollary 1.8. 

// E is nilpotent in Q, then {Ad(k)E}keKH set of light-like vectors in T^^-^AdSi ~ Q. 

Therefore 

exp^(tAd(k)E) = exp(t Ad(fc)£;) ■ §. (1.6) 

is the light cone of in AdSi . 

In order to fix ideas, we will always use the element Ei as choice of nilpotent element in Q in 
order to parametrize light-cone. Since S0(2, 1 — 1) acts on AdSi by isometrics, the light cone 
at ^{g) is given by a translation of the one at "i?: 

C(,)=5-C. = {7r(5e*^<^W^0}*.K- (l-^) 

The product being taken at left while the quotient being taken at right, one can fear a problem 
of well definiteness in this expression. The following proposition shows that all is right. 
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Proposition 1.9. 

Definition (1.7) is independent of the representative g in the class T:(g). In other words, 

{Adihk)Ei}k^KH = {Ad{k)Ei}k^K„ (1.8) 

for all h e H. 

Proof. The metric on Q is the restriction of the KiUing form of Q (notice that Q has no own 
Killing form for the simple reason that it is not a Lie algebra). From Ad-invariance, we have in 
particular 

B{Ad(h)X,Ad(h)Y) = B{X,Y) 

for all h 6 S0(1,; - 1). The point is that reducibihty makes Ad{h)X e Q when X e Q. The 
element Ad(hk)Ei in the left hand side of equation (1.8) being zero-normed in Q, it reads 
Ad{k')Ei for some k' 6 Kh- That proves the inclusion in one sense. For the second inclusion, 
we have to find a fc' e Kh such that Ad{hk')Ei = Ad{k)Ei. Existence of such a k' follows from 
the fact that Ad{h~^k)Ei is a light-like vector of Q. □ 

1.2.2 Time orientation 

A time orientation on Q is the choice of a vector T such that (r|T) > 0. When such a choice 
is made, a vector v is future directed when (v\Ty > 0. In our case, the choice is the intuitive 
one: the vector qq defines the time orientation on Q and v = {v^,v^,v'^,v^) is future directed if 
and only if > 0. So a light-like future directed vector is always -up to a positive multiple- of 
the form (l,w) with \\v\\ = 1. For this reason, the set 

{tAd{k)Ei}t>o (1.9) 
fceSO(3) 

is exactly the set of light-like future-directed vectors of Q. 

We are now able to define causality as follows. A point [g] e AdSi belongs to the interior 
region if for every direction k e Kh, the future light ray Z^^j intersects the singularity within a 
finite time. In other words, it is interior when the whole light cone ends up in the singularity. 
A point which is not interior is said to be exterior. A particularly important set is the event 
horizon, or simply horizon, defined as the boundary of the interior. When a space contains 
a non trivial causal structure (i.e. when there exists a non empty horizon), we say that the 
definition of singularity gives rise to a black hole. By extension, the term "black hole" often 
refers to the set of interior points. 

1.2.3 Some final remarks 

Remember that we decree closed orbits to be singular. Now the fact for a point TT{g) G AdSi to 
be exterior is that there exists an non empty set O of Kh such that V/c e O. 

^(ge'A^C^)^^) n5 = 0. 

The restriction of the Killing form to Q reads 



B{qo,qo) = Tr(gogo) = -2, 
B{qi,qi) = Ti{q^,qi) = 2 



for i ^ 1. 



(1.10a) 
(1.10b) 
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So the norm on Q is ||X|| 



the decomposition ^ = Q @H is reductive imply || Ad(h)X\\ 

AdiH)\Q c SO(Q). 



^B{X, X). The bi-invariance of the KiUing form and the fact that 

X\\, hence 



(1.11) 



A question is to know the kernel of this inclusion: which h e H fulfill Ad{h)qi = qi for all i ? The 
equation AqiA^^ = qi can be simplified (from a computational point of view) using the relation 
A^^ = rjA^rj which defines S0(1, n). It is a somewhat long but easy computation to prove that 



A = +1 are the only two solutions in SO{l, n) to the system A{qirii)A* 
One can go further than inclusion (1.11) and prove the following 



Proposition 1.10. 

Let h 6 Hq seen as a matrix acting on and let see Ad(h) as a matrix acting on Q. In this 

case we have Ad{h)ij = hij, in particular 



Ad(JTo) = SOo(Q) 

where the index zero denotes the identity component. 



(1.12) 



Proof. We will prove that for each unital vector X e Q, the element Ad(h)X is a general element 
of norm 1 in Q when h runs over Hq. Explicit matrix computation will show by the way the 
equality Ad(/i)y = hij. The general product to be computed is 



Ad{h)X 



n 



V 





h-^ 



'J 



Wo 

Wi 

V ■■ 



-wq Wi 



J 



/I 



V 





h 



7 



But we know that the result is a matrix of Q, so it is sufficient to compute the first line. If we 
denote by q the columns of /i, we find 



Ad{h)X = Yi{w-Ci)q, 

where the dot denotes the inner product of R^^'^^. Since {ci} is a general orthonormal basis of 
R^''^-'^, the latter expression is a general vector of norm 1 in Q. □ 



1.3 Open and closed orbits 

1.3.1 Openness of orbits in homogeneous spaces 
Proposition 1.11. 

The orbits of AN are submanifolds of G/H. 

Proof. Indeed proposition 4.4 in [ ] (page 125) makes R/{R n H) the orbit of 7r(e) by R and 
assure us that it is a submanifold of G/H. That proves the proposition for the orbit of e. 

For the other orbits, we consider the group Rz = Ad{z~^)R which is also a Lie subgroup of 
G. The space Rz/(Rz n H) is isomorphic to the orbit of 7r(e) under the action of Rz. Therefore 
is a submanifold of G/H and the very definition of a Lie group makes that is a 

submanifold too. 

□ 
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Let us start by computing the closed orbits of the actions of AN and AN on AdSi . In order 
to see if [g] e AdSi belongs to a closed orbit of AN, we "compare" the space spanned by the 
basis {dndLgqi} of T^g^AdSi and the space spanned by the fundamental vectors of the action. If 
these two spaces are equal, then [17] belongs to an open orbit (because a submanifold is open if 
and only if it has same dimension as the main manifold) . That idea is precisely contained in the 
following theorem which holds for any homogeneous space M = G/H. 

Theorem 1.12. 

If R is a subgroup of G with Lie algebra TZ, then the orbit R-'d is open in G/H if and only if the 
projection pr: TZ —>■ Q parallel to Ti. is surjective. 

The projection is defined by pr(X) = Xq if X = Xq + Xu is the decomposition oi X & Q 
with respect to the decomposition Q = 'H@Q. We need two lemmas before to prove the theorem. 

Lemma 1.13. 

The orbit R ■ d is open if and only if 

Span{X||X 6 7^} = Ti)M 
where X* is the fundamental field defined by equation (B.13). 
Proof. From general theory of fundamental fields we know that 

Span{X;|Xeg} = T^M. 

The game is now to prove that one can replace by 7?. if and only if i? • i5 is open. 
Necessary condition. If i? • "i? is open, we have a neighbourhood of •& which is contained in i? ■ i^. 
Then for any X e Q, and for a small enough t, the element e~*"^ ■ -d belongs to i? • Hence we 
have a path rx{t) in R such that e~*"^ ■ = rx{t) ■ 1}: 

dtl Jt=o at I Jt=o 

Since rx{t) is a path in R, we can replace it by a e~*^ with a y e 7?. in the derivative. For this 
Y, we have X* = Y*. 

Sufficient condition. We have dim(i? ■ -d) = dim SpanjX^ | X e TZ} = dim T^M, so R--d has the 
same dimension as M. The conclusion follows from the fact that a submanifold is open if and 
only if it has maximal dimension. 

□ 

Lemma 1.14. 

The canonical projection is surjective from TZ to the tangent space to identity: 

Span(X||X 6 7^} = d7^e(7^). (1.13) 



Proof. Consider the following computation when X e TZ = T^R is given by the path X{t) = e*"^: 

with Y = —X. Reading these lines from left to right shows that dn^lTZ) ^ {X* : X 6 TZ} while 
reading it from right to left shows the inverse inclusion. □ 
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Proof of theorem 1.12. From lemma 1.13 and lemma 1.14, the orbit R ■ ■& is open if and only 
if diVe : TZ T^M is surjective. On the one hand any X e TZ can uniquely be written as 
X = Xf-c + Xq with X-j-c 6 Ti. and Xq e Q. On the other hand it is clear that dTTeX-u = 0, thus 
R- -d is open if and only if diTe ■ prg TZ T^M is surjective. 

Now, recall that is surjective from Q, hence it is surjective from Q. The first conclusion 
is that if pr : 7?. — > Q is surjective, then i? • is open. The inverse implication remains to be 
proved. 

We know that openness R ■ implies that dn^ : prg TZ —>■ T^M is bijective (surjective because 
R ■ is open and injective because dTTg : Q T^M is injective by proposition B.ll). From all 
that, one concludes that prg 7?. = Q. Indeed, suppose that Xq e Q and Xq ^ prg 7^. Since 
d-Ke ■ prg TZ —>■ Ti)M is surjective, there exists a Xq e prg TZ such that diTeXQ = diVeXQ. This 
is impossible because dne is injective from the whole Q. 

□ 



1.3.2 Open orbits in anti de Sitter spaces 

Now the strategy is to to check openness of the i?-orbit of [g] by checking openness of the 
Ad(g~^)i?-orbit of -d using the theorem 1.12. 

The problem is simplified by the following remark. We know that matrices of K and H are 
given by 

^-r^'^ SO(n))' SO(l,n))' ^'-^'^ 

so we obviously have 

U ^an{[s]) = U [ANsh] = (J [ANk] = [G]. 

seSO(2) ssSO(2) keK 

heSO{n) 

This is nothing else than the fact that the AA^-orbits are A A^-in variant. So the K part of 
[g] = ank alone fixes the orbit which contains [g] and we have at most one orbit for each element 
in S0(2). Computations using theorem 1.12 show that the i?-orbits of [fi] with 

cos fi sin /i 
H = \ — sin fj, cos fi 

is not open if and only if sin/i = 0. We will see later that they are actually closed (page 23), so 
that the singularity is described as 

.y = [AiV(±lso(2))] U[^^(±lso(2))]. (1.16) 

Because of AA^-invariance of the AA^-orbits, the equation of the ^A^-closed orbits can be ex- 
pressed as 

sin/i = 0. (1.17) 

Notice that there are some differences between the two choices of Iwasawa decompositions of 
subsections B.49 and B.61 in the determination of open and closed orbits. In the "new" Iwasawa 
decomposition (the one which is always used if not mentioned), up to matrices of Ti., a general 
matrix of TZ is jJi + mM + IL + fc J2. If we note x = m + I, 

/ X k —x\ 

— X 

k 

\-x 



TZ' 



(1.18) 
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and it is obvious that the matrix qo can't be obtained by combinations of such matrices. So the 
i?-orbit of 'd is not open. 

If we use the "old" Iwasawa decomposition, the result is completely different. We have 

gi=priJ2, q2=prlN —j, (1.19) 

and other elements of Q are projections of the matrices Vi's. So we see that the map pr: TZ ^ Q 
is surjective and the orbit i? ■ i? is open. 



<Zo=pr 1 



1.3.3 Two other characterizations of the singularity 

In this short section, we first give a coordinatewise characterization of the singularity (which 
allows some brute force computations), and then we point out that the vector field J* has 
vanishing norm on the singularity (see also 1.19). That should make the connection with the 
quotient construction of the original BTZ black hole. Notice that we do not classify all vectors 
from which vanishing of the norm define a singularity. The point is that one can make our black 
hole "causally inextensible" by making a discrete quotient of AdSi along the integral curves of 
Jl . 

Proposition 1.15. 

In term of the embedding of AdSi in R^''"-'^, the closed orbits of AN a S0(2,Z — 1) are located 
at y — t = 0. Similarly, the closed orbits of AN correspond to y + t = 0. In other words, the 
equation 



< - r = 



(1.20) 



describes the singularity 5^ = .5^ an ^ -^an ■ 



Proof. The different fundamental vector fields of the AN action can be computed with the 
matricial relation = —Xg ■ -d. For example, in AdS^, 



b] 



/O -1 \\ 
10-10 
0-101 



{v - t)du + (u - x)dt + (y - t)dx + (u - x)dy. 







(-t + y\ 




t 


U — X 




X 


-t + y 


) 




\u — X J 



Full results are 



J* = -ydt - tdy 

M* = {y- t)du + (u- x)dt + (y- t)dx + {u - x)dy 
L* = {y - t)du + (m + x)dt + {t - y)dx + (u + x)dy 

W* = -x,dt - x^dy + iy- t)di 
V* = -Xjdu - x-jdx + {x - u)dj, 



(1.21a) 
(1.21b) 
(1.21c) 
(1.21d) 
(1.21e) 
(1.21f) 



with i,j = 3, ... ,1 — 1. First consider points satisfying t — y = 0. It is clear that, at these points, 
the / vectors J* , M*, L* and W* are linearly dependent. Thus, there are at most I — 1 linearly 
independent vectors amongst the 2(1 — 1) vectors (1.21). We conclude that a point satisfying 
t — y = belongs to a closed orbit of AN. 
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Now we show that a point with t — y belongs to an open orbit of AN. It is easy to see 
that J*, L* and M* are three Hnearly independent vectors. The vectors V* gives us Z — 3 more. 
Then they span a l-dimensional space. 

The same can be done with the closed orbits of AN. The result is that a point belongs to a 
closed orbit of AN if and only ii t + y = 0. □ 

This shows that in the three dimensional case, our black hole reduces to the previously existing 
one. 

The following corollary shows that a discrete quotient of AdSi along the orbits of J* gives a 
direct higher-dimensional generalization of the non-rotating BTZ black hole. 

Corollary 1.16. 

The singularity coincides with the set of points in AdSi where iJfP = for the metric induced 
from the ambient space M^''^^. 

Proof. The expression (1.21a) shows that the norm of J* is — t"^ which vanishes on the 
singularity. □ 

In the three-dimensional case, it was shown in [2, 19] that the non-rotating BTZ black hole 
singularity is precisely given by equation (1.20). Hence, the following is a particular case of 
theorem 1.2: 

Corollary 1.17. 

The non-rotating BTZ black hole is a causal symmetric solvable black hole. 



1.3.4 Orbits and topology 

Let L»± = ANSO{n) S0(2)± where S0(2)± are the subgroups of S0(2) c S0(2, n) with strictly 
positive (negative). We see S0(2) and SO(n) as subgroups of S0(2,n) in the way indicated by 
equation (1.15). Notice that the parts S0(2) and SO(n) are commuting and that SO(n) cz H. 
The notation — lso(2) refers to the element of SO (2, n) which the identity as AA^-componcnt and 
— 1 as SO(2)-component. 

A continuous path from [I?"*"] to must pass trough an element of the form [y4A^lgo(2)]- 
We saw that the AN-orhii of such an element is not open while the AN-oxhit of an element of 
[Z)"*"] is open. So we deduce that an orbit passing trough [-D"*"] does not intersects [U^]. 

The set [-D"*"] is connected in G/H and Z?+ being open in G, the set [-D"*"] = 7r(D+) is also 
open in G/H from the definition of the topology (see [1 ' ], chapter II, paragraph 4 and particularly 
the theorem 4.2). Now, the orbits of AN in [-D"*"] (who are all open) furnish an open partition 
of [-D+]. Such a partition is impossible for an open connected set. We deduce that [-D"*"] is only 
one orbit of AN in G/H. The same can be done with [-D~]. 

We are left with the sets [AN'l and [^-/V(— lso(2))] whose union is closed because we just 
saw that the complement is open. Now we prove that these two sets are disjoint, in such a way 
that they have to be separately closed. Existence of an intersection point between [AN'l and 
[v4Af(— lso(2))] would lead to the existence of a ft- e such that a?ilso(2) = (— lso(2))^; or 

h = (-lso(2))an, 

that is a non trivial X-componcnt to h in the decomposition KAN , but the only iiT-componcnt 
in H is SO(n). Hence such a h does not exist and R[l\ n lso(2)] = 0- 
The conclusion is that the Iwasawa group AN has only four orbits : 



[D+l [D-], [ANlsoi2)l [^^(-lso(2))]. (1.22) 
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The two first are open and the other two are closed. Remark that an element of [K] does not 
belongs to a closed orbit of AN or AN. 



1.4 Horizons 
1.4.1 Existence 

We are now able to prove that definition 1.3 provides a non empty horizon as expressed by the 
condition (1.2). First we consider points of the form S0(2) ■ which are parametrized by an 
angle fi. Up to the choice of this parametrization, a light-like geodesic trough /i is given by 



(1.23) 



with k e S0{1 — 1) and s 6 R. Using the isomorphism [g] i-^ g ■ between G/H and AdSi, we 
find 



/ cos fi sin fi \ 
- sin fi cos fi 



„sAd(fe)_Ei 



/A 






V7 



V 

/Mfe(s)\ 

tk(s) 

Xk(s) 

yk{s) 

Zk{s) 

V : J 

According to proposition 1.15, this geodesic reaches the singularity if tk{s)'^ — yk{s)'^ = for a 
certain (positive) s. Since Ad{k)Ei is nilpotent, the computation of is simple and we 

only need the first column because it only acts on the first basis vector. A short computation 
shows that 

f cos /i — s sin /i ^ 
- sin ^ — s cos fi 

SWi 
SW2 



V 



(1.24) 



We conclude that the geodesic reaches J^an and S^^pf for values san and s^jy of the affine 
parameter, given by 



San 



sm /i 



cos fi — W2 



San 



sm fi, 



cos fL + W2 



(1.25) 



where W2 is the second component of the first column of fc, see equation (1.4); in particular 

-1 ^ U'2 ^ 1. 

Since the part smfi = is precisely S^an, we may restrict ourselves to the open connected 
domain of AdSi given by sin/i > 0. More precisely, sin/i = is the equation of 5^ an in the 
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ANK decomposition. In the same way, =5^^^ is given by sin /i' = in the ANK decomposition. 
In order to escape the singularity, the point [/i] needs both san and s^n to be strictly positive. 
It is only possible to find directions (i.e. a parameter W2) which respects this condition when 
cos/^ > 0. So the point 

u = cos ^ = (1-26) 

is one point of the horizon. Theorem 1.2 is now proved. 

The following proposition contains some physical intuition about the nature of the horizon. 

Proposition 1.18. 

A light-like geodesic which escapes the singularity (i.e. which does not intersect 5^) and which 
passes trough a point of the horizon is contained in the horizon. 

Proof. Let x = [g] be a point of the horizon and T:{ge^^'^''''^-^^), a light-like geodesic escaping 
the singularity. Near from x, there exists a point y = [g'] in the black hole. From definition 
of a black hole, for all k e S0(3) and to e R"*", points of the form 7r((ji'e*''^''('^'^^) also belong 
to the black hole. From continuity, in each neighbourhood of Tr{ge^°^'^^''^^'-), there is such a 
^^gi^toAdik)Eiy rp^jg proves that 7r(ge*o^''('')^i) belongs to the closure of the black hole. But it 
is not in the interior of the black hole because (by assumption) the given geodesic escapes the 
singularity, so every point of the form 77(56*°^'**^'^'^^) belongs to the horizon. □ 

Let us consider the point of the horizon that we know (the one given by (1.26)), and see how 
can that point hope to escape the singularity. Equations (1.25) which give the time needed to 
fall into the singularity become 

tAN = - — ■ (1-27) 

So for every w;2 ^ 0, this point reaches the singularity within a finite time. Taking the direction 
W2 = the point is able to reject his fall to infinity. This agrees to physical intuition which is 
that the horizon corresponds to points that fall into the singularity within an infinite time. 

1.4.2 Characterization 

Let D[g] be the set of light-like directions (vectors in SO(n)) for which the point [g] falls into 
S^AN- Similarly, the set D[g] is the one of directions which fall into S^an- O^'^ can express D 
in terms of D: 

D[g] = {fc 6 SO(n) | 3t for which Tr{ge*^'^^''^^') e .Van} 

= {ke SO(n) | 3t for which Tr{9(g)9(e^'^''(''^^')) e S^an} 
= {keSO{n)\7r{k)eD{9[g])} 
= {keSOin)\ke{Die[g]))^}, 

So _ 

D[g] = iD0[g])g (1.28) 

where by definition, kg = Jk with J being defined by 9 = Ad(J) {9 is the Cartan involution). It 
is easy to see that 9 changes the sign of the spacial part of k, i.e. changes Wi —Wi. 
A main property of kg is 

9{kA{k)Ei) = M{ke)Ei. 

Since kg only appears in the expression Ad(A:)_Bi, that property is actually a sufficient charac- 
terization of kg for our purpose. In particular, kgg # k, but KA(kg0)Ei = KA(k)Ei. 



1 

tAN = 

W2 
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How to express the condition g e in terms of D [g] ? The condition to belong to the black 
hole is D[g] u D[g] = SO(n). If the complementary of D[g] u D[g] has an interior (i.e. if it 
contains an open subset), then by continuity the complementary D[g'] (jD[g'] has also an interior 
for all [g'] near from [g]. In this case, [g] cannot belong to the horizon. So a characterization 
of J^f is the fact that the boundary of D[g] and D[g] coincide. Equation (1.28) expresses this 
condition under the form 

FrD[g]=Fr{D{9[g]))^, (1.29) 

from which one immediately deduces that is ^-invariant. 

We have an expression of D[n] for /i e S0(2) by examining equations (1.25). The set D[fi] 
is the set of W2 e [— 1, 1] such that cos /i + W2 > 0: 

D[n]=]-cosn,l[. (1.30) 

So in order for /i to belong to Jif, the point [/i] must satisfy 

D[fl] = D[0fi]g =]-l,-COSAi[. 

Consequently, if /i' is the J-iT-component of 9fi in the ANK decomposition, we impose ]— cos/i', 1[= 
D\9ix\ =] — cos/i', 1[, and we can describe the horizon by 

cos n = — cos (1-31) 

where /i' is the fC-component of /i in the ANK decomposition. 



1.5 Simple example on AdS2 

As is appendix B.8.1, we see AdS2 as Ad{G)H. From definition 1.3, the singularity is the closed 
orbits of AN and AN for the adjoint action on AdS2, and the notion of fundamental field is 

H: = l[Ad(e-*^)a;]^^^ = -[H,x]. (1.32) 

A basis of the Lie algebra A®]^ is given by {E, H}. So x will belong to a closed orbit if and 
only if E* a H* = 0. If we put x = xhH + xeE + xpF, the computation is 

E* A H* = [E,x] A [H,x] = 4:XhXf{E a F) + 2xexf{H a E) - 2x],{H a F). 

It is zero if and only li xp =0. The closed orbit of AN is given by the same computation with 
H* a F* . The part of these orbits contained in AdS2 is the one with norm 8: 

B{x,x) = 8(a;^ + xexf) = 8. 

In both cases, it imposes xh = +1, and the closed orbits in AdS2 are given by 

^AN = +H + XE (1.33a) 
^AN = +H + XF, (1.33b) 

with A 6 R. The singularity is then the union S^an -^an of lines in the hyperboloid. 
Proposition 1.19. 

The singularity can equivalently be described as 

y = {x€Ad{G)H\\\H*\\=0}, (1.34) 
which has to be compared with corollary 1.16. 
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Proof. The condition (1.34) on x reads 

B{[H,x],[H,x]) =0. (1.35) 

The most general^ element x in s[(2, R) is a; = xaH + xnE + xfF. We have [x, H] = —2xnE + 
2xfF, so that the condition (1.35) becomes xnXf = 0. The two possibihties are x = xaH + xpjE 
and X = XaH + xpF. The singularity in sl(2, R) is composed of the planes {H, F) and (H, E). 
The intersection between the plane {H, F) and the hyperboloid is given by the equation 

B{aH + bF,aH + bF) =8 

whose solutions are a = +1. The same is also true for the plane {H, E). So we find that the set 
(1.34) is exactly the four lines (1.33). 

□ 

One can check that light cone of a given point of the hyperboloid is given by the two straight 
lines trough the point; so it automatically intersects the singularity. As conclusion, every point 
of AdS2 belong to the black hole. For this reason we say that there is no black hole in the two 
dimensional case because the inclusions (1.2) are in fact equalities. . 

1.6 Conclusions and perspectives 

Higher-dimensional generalizations of the BTZ construction have been studied in the physics' 
literature, by classifying the one-parameter subgroups of lso{AdSi) = S0{2,1 — 1), see [8, 9, 
10, 11, 12, 13]. Nevertheless, the approach we adopt here is conceptually different. We first 
reinterpret the non-rotating BTZ black hole solution using symmetric spaces techniques and 
present an alternative way to express its singularity. We saw the latter as the union of the 
closed orbits of Iwasawa subgroups of the isometry group. As shown, this construction extends 
straightforwardly to higher dimensional cases, allowing to build a non trivial black hole on anti 
de Sitter spaces of arbitrary dimension / ^ 3. From this point of view, all anti de Sitter spaces 
of dimension I ^ 3 appear on an equal footing. 

A natural question arising from this analysis is the following: given a semisimple symmetric 
space, when does the set of closed orbits of the Iwasawa subgroups of the isometry group, seen 
as singularity, define a non-trivial causal structure ? We answered this question in the case of 
anti de Sitter spaces, using techniques allowing in principle for generalization to any semisimple 
symmetric space. 

We also proved that performing a discrete quotient along the orbits of Ji makes the resulting 
space causally inextensible (closed space-like curves appear in the singular part of the space), 
but we did not address questions like: are there other vector fields defining singularities (in the 
three dimensional case, we know that the answer is positive) ? Can we identify a mass and an 
angular momentum from these hypothetic vectors ? Are all BTZ black holes obtainable in this 
way in higher dimensions ? 



^It is actually more than the most general element to be considered because our space is Ad(G)H, which is 
only a part of s[(2, R). 
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Chapter 2 

Deformation of anti de Sitter 
spaces 

Abstract 

We are now going to apply deformation theory to the physical part of the AdS4 black 
hole. The first idea was to deform the AN of S0(2,Z — 1) and to deform AdSi by action of 
this group (see section A. 4 for an introduction to deformation by group action). We show 
in section 3.2 that this procedure is possible. 

Instead of that, we will only deform an open orbit of AN in the four dimensional case^. 
There are two reasons for that. First a physical domain of the black hole is contained in an 
open orbit of AN; and second it reveals possible to deform such a domain by action of a 
four dimensional group. Deforming a four dimensional space by a four dimensional group 
instead of a six dimensional one is a matter of "no waste" of dimensions. 

The main lines of the construction are the following: 

• We pick an open orbit U of AN in AdS4, and we select a point [u] e hi. 

• We compute the stabilizer S of \u\ in AN , in such a way that, as homogeneous space, 
U = AN/S. We consider the "remaining group" R' of R when one removes S from R. 

• We prove that R' acts freely and transitively on U, so that U is globally of group type 
(definition 2.1). 

• It turns out that R' does not accept any symplectic structure; hence we will search for 
other groups acting transitively on U, and show that one and only one of them accepts 
a symplectic structure. 

• The latter group turns out to be a split extension of an Heisenberg group (see appendix 
A. 5) for which we know a deformation. 

2.1 Group structure on the open orbits 
2.1.1 Global structure 

The following definition formalises the idea for a manifold to be "like a group" . We will prove 
that the physical domain of our anti de Sitter black hole is of this type. 

^But the structure of algebra (B.59), promises easy higher dimension generalisation. 
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Definition 2.1. 

A m- dimensional homogeneous space M is locally of (symplectic) group type if there exists 
a Lie ( symplectic ) subgroup R of the group of automorphisms of M which acts freely on one of its 
orbits in M. The homogeneous space is globally of group type if R has only one orbit. In this 
case, for every choice of a base point 1} in M , the map R M : g i—^ g.-d is a dijfeomorphism. 

Lie groups are themselves examples of symmetric spaces (globally) of group type. In the 
symplectic situation, however, a symplectic symmetric Lie group must be abelian ([20], page 12). 
We will see in what follows other non-abelian examples. 

In the context of our anti de Sitter black hole (in particular when one has causal issues in 
mind), it is not important to deform the whole space but it is sufficient^ to only deform one 
open orbit of AN . Indeed, if an observer begins his life somewhere in the physical space (hence 
in an open orbit of AN), he will never exit the orbit because one open orbit of AN is bounded 
by closed orbit of AN which are singular. 

Let us recall that the solvable part of the Iwasawa decomposition of so(2, 3) may be realized 
with a nilpotent part J\f and an abelian one A with elements 

A={Ji,J2} J\f={W,V,M,L} (2.1a) 

and the commutator table 



[V,W] 
[Ji,A/] 



M 
W 
L 
M 



[V, L] = 2W 
[J2,V] = V 
[J2,L] = -L 
[J2,M] = M, 



(2.2a) 
(2.2b) 
(2.2c) 
(2. 2d) 



where we know that that W, Ji e H, and J2 e Q. We pick the point 



[u] 



1 



3x3 , 



This is an element of K which, as already mentioned in page 24, therefore does not belong to 
a closed orbit of AN, neither to a one of AN. Hence [u] lies in the physical part of AdS4. We 
denote by 14 the ^iV-orbit of [u] . 

Elements of the stabilizer of [u] in SO (2, 3) are elements r such that r-[u] = [u], i.e. elements 



for which there exists h in H such that ru = uh. It is easy to check that ri = e""''^ and r2 = e^^ 
are solutions by noticing that the action of u^^riU leaves unchanged the first basis vector^. 

The stabilizer cannot contain more than two generators because an open orbit must be four 
dimensional. The stabilizer of [u] in G = S0(2, 3) is thus the group generated by e°"^^ and e*^ 
plus eventually a discrete set making S non connected. The group S is in fact connected because 



S = {re R\r-[u] = [u]} = {r e R \ Ad{u-^)r 6 H] 
Since R is an exponential group, we have S = exp S where 

S = {X en\ Ad{u-^)X en} = Ad(u)W. 



(2.3) 



^We will however point out in the perspectives (section 1.6) that a quantization of the whole space has a real 
interest. 



We give in a complement a more intrinsic way to prove that result, see page 36. 
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The set S being connected (because it is the image by a continuous map of the connected set 
H), S is connected too. 

The open orbit that we are studying is thus realised as the homogeneous space U = AN/S. 
An important result is the fact that what we obtain by simply removing J2 and V from the table 
(2.2) is still an algebra. The orbit U is therefore isomorphic to the group R' generated by the 
Lie algebra W = {Ji,W, M, L}. The table of W is 

[Jj^,W] = -W (2.4a) 
[Ji,L]=L (2.4b) 
[Ji,M]=M. (2.4c) 

From construction, R' n S = {e}. Unfortunately, using the conditions (B.83), we find that in 
order to be compatible with the Lie algebra structure, the form lo of the algebra must satisfy 
uj{W,AI) = Lu{W,L) = uj{M,L) = 0, so that it is degenerate. The action of R' on U enjoys 
however some remarkable properties. 

Proposition 2.2. 

The action 



is free and simply transitive 

Proof. First, we prove that the action of R' is transitive. As an algebra, 7^ is a split extension 
TZ = S®adTl'- Hence, as group, R = SR', or equivalently R = R'S. That proves that the action 
is transitive. 

If the action is not simply transitive, there exists x e U and r, r' e R' such that 
Since the action of R' is transitive, we have a ri e i?' such that x = ri\u\. In this case, the 
element ri^r~^r' of R' fixes [u], but R' n S = {e}. Then one deduces that r' = rri, so that 
[rriu] = [r'riu] = [rr^u]. It follows that ri fixes [u], and thus that ri = e, so that r = r' . 

For freeness remark that, in a neighbourhood of e, the neutral e itself is the only element 
trivially acting on [u]. 

□ 

As corollary, the orbit U is locally of group type R'. 

Proposition 2.3. 

The orbit U is simply connected. 

Proof. The fibration S R —>■ U induces the long exact sequence of cohomology groups 

H'^iU) ^ H°{R) ^ H"{S) ^ H\U) -^H\R)^... 

The group R being connected and simply connected, the sequence shows that iJ°(S') ~ H^{U), 
but we already mentioned that S is connected, so H^iU) = 0. 

□ 

Corollary 2.4. 

The open orbit U is globally of group type. 

Proof. It is immediately apparent from proof of proposition 2.2. Since 



t: R' xU^U 
r[roM] = [rro-u] 



(2.5) 



R'[u\ = R'S[u] = R[u\ = U, 



32 



CHAPTER 2. DEFORMATION OF ANTI DE SITTER SPACES 



the group R' acts freely on lA and has only one orbit. □ 

Remark that it remains to be proved that U is globally of symplectic group type. For that, 
there should be a symplectic form on R'. Exploiting the fact that Span{W,M,L} is a three- 
dimensional abelian subalgebra of TZ', it is easy to see that TZ' does not accepts a symplectic 
form. Hence corollary 2.4 does not proves that U is globally of symplectic group type. The 
lack of symplectic form on the algebra reflects on U as manifold by the following lemma, and 
motivates the search for other four-dimensional groups than R' acting transitively on U. 

Lemma 2.5. 

The open orbit U = R ■ [u] does not admit any R-invariant symplectic form. 

Proof. Let uj^ be such an invariant symplectic form and u^' be the pull-back of u/^ by the action: 
iu^' = T*iJ^. We have dr o dL,.- = dLr' o dr because T{r'X{t)) = [r'X{t)u] = r'T{X{t)), thus 

L*uj^' = (t o L,.0*w" = {Lr' o t)*uj{U) = UJ^\ 

so that Lo^' is a i?'-invariant symplectic form on R'. But we saw that such a form does not 
exist. □ 

Proposition 2.6. 

The R-homogeneous space lA admits a unique structure of globally group type symplectic symmet- 
ric space. The latter is isomorphic to (Ro,w, s) described in appendix A. 5. 5. 

The next few pages are dedicated to prove this proposition and to give explicit algebra whose 
group gives the answer. We are searching for 4-dimensional groups R which 

• has a free and simply transitive action on lA, i.e. R\u\ = R\u\, 

• admits a symplectic structure, 

and we want it to be unique. As already mentioned, the algebra TV fails to fulfil the symplectic 
condition. The algebra TZ = Span{A, B, C, D} of a group which fulfils the first condition must 
at least act transitively on a small neighbourhood of [u] and thus be of the form 



A = Ji+aJ2+ a'V (2.6a) 

B = W + bJ2 + b'V (2.6b) 

C = M + cJ2 + c'V (2.6c) 

D = L + dJ2+ d'V. (2.6d) 



Indeed, in a first attempt, we choose an algebra for which each of A, B, C and D contains a 
combination of Ji, W, M and L. We consider the matrix of coefficients of Ji, W, M and L in 
A, B, C and D. If the determinant of this matrix is zero, then one of the lines can be written 
as combination of the three others. In this case the action can even not be locally transitive 
because the algebra only spans three directions actually acting ( J2 and V have no importance 
here). So the determinant is non vanishing. In this case, the inverse of this matrix is a change 
of basis which puts A, B, C and D under the form (2.6). 

The problem is now to fix the parameters a, a', b, 6', c, c', d, d' in such a way that the space 
SpanjA, B, C, D} becomes a Lie algebra (i.e. it closes under the Lie bracket) which admits a 
symplectic structure and whose group acts transitively on U. We will begin by proving that the 
surjectivity condition imposes b = c = d = 0. Then the remaining conditions for TZ to be an 
algebra are easy to solve by hand. 
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First, remark that A acts on the algebra Spanji?, C, D} because Ji does not appears in [TZ, TZ]. 
Hence we can write TZ = ]RA @ad Span{i3, C, D} and, a subalgebra of a solvable exponential Lie 
algebra being a solvable exponential algebra, a general element of the group R reads f (a, /3, 7, 5) = 
gaAg/3B+7C+i5_D^ Q^j. strategy will be to split this expression in order to get a product SR' (which 
is equivalent to a product R'S). As Lie algebra, Span{i3, C, D} cz RJ2 ®ad {W, M, L, V}. Hence 
there exist functions w, to, I, v and x of (a, 7, 6) such that 

BB+jC+SD 



^xJ2^wW+mM + lL+vV 



(2.7) 



We are now going to determine l{a, /3, 7, S) and study the conditions needed in order for / to be 
surjective on M. Since J2 does not appear in any commutator, the Campbell-Baker-HausdorfF 
formula yields x = (3b+jc+5d. From the fact that [J2, L] = —L, we see that the coefficient of i in 
the left hand side of (2.7) is —l{l — e~^)/x. The l/-component in the exponential can also get out 
without changing the coefficient of L. We are left with f(a,l3,j,S) = e"^e^'^^e«'^e"'''^+"'^+'^ 
where w' and to' are complicated functions of {f3,"f,S) and I is given by 

-S{Pb + 7C + Sd) 



-f3b—jc—Sd 



(2.8) 



which is only surjective when b = c = d = 0. Taking the inverse, a general element of R[u\ reads 
|^g-tuVK-mM-;j\fgj"i Jiyj^ where the range of I is not the whole R. Since the action of R' is simply 

transitive, R is not surjective on R[u] when /(a, 7, 5) is not surjective on R. 

When b = c = d = 0, the conditions for (2.6) to be an algebra are easy to solve, leaving only 
two a priori possible two-parameter families of algebras. 

1. The first one is the following: 



A 
B 



Ji + ^J2 + sV 
W 



[A, B]=B + sC 



[AC] = -c 



2sB + -D 



C = M [A, D] 

D = L + rV [B,D] = -rC. 

with r # 0. The general symplectic form on that algebra is given by 



a 


—a —(3 



-7\ 

2/3r 
3 










V7 - 


_Mi 
3 " 


/ 


det Lo 







(2.10) 



Conditions: /3 9^ 0, r # 0. That algebra will be denoted by TZi. The analytic subgroup 
of R whose Lie algebra is TZi is denoted by Ri . One can eliminate the two parameters in 
algebra TZi by the isomorphism 

/I \ 

1 4s 
2sr 1/r As^ /r 

\o 1 y 



(2.11) 
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which fixes s = and ?' = 1. The algebra IZi is thus isomorphic to 

[A,B]=B [A,C] = lc 

1 ^ (2.12) 

[A,D] = -D [B,D] = -C. 

Comparing with equation (A. 92), one recognizes the one-dimensional extension of Heisen- 
berg algebra with parameters d = 3/4, /i = and X = ( ^'^ ilo ) ■ Hence Ri is isomorphic 



vO 1/2, 

to Ro and, by the way, we have a product on that group (see appendix A. 5). 

2. The second algebra whose group acts simply transitively on U is: 

A = Ji + r J2 + sV [A, B]=B + sC 

B = W [A,C] = {r + 1)C 

C = M [A,D]=2sB + {l-r)D. 

D = L 

There is no way to get a nondegenerate symplectic form on that algebra. 

From proposition A. 22, the symplectic structure to be chosen on TZi is 6C* and lemma 
A. 29 shows that we are able to quantize** TZi with any symplectic form in the coadjoint orbit 
S(C* o Ad{g)) with g e Ri. The coadjoint adjoint action of Ri on TZi can be computed using 
the fact that TZi splits into four parts; the non trivial results are 



Ad(e''^A) 


= A- 


2 


Ad{e''^)B = 


e^B 


Ad(e'=^)A 


= A- 


3c 


Ad(e'''4)C = 






= D - 


bC 


Ad(e'''*)i:i = 




Ad{e''^)D 


= D - 


bC. 







Direct computations show that 

Ad {e'''^e''^e'''^e'^"){xAA + xgB + xcC + xdD) 

= xaA + e°'(xB — XAb)B 

+ e^aft^,^.^J^.bxn + ^-^)c (2-13) 

so that, with more compact notations, 

(C* o Ad(g))(X) = [xc - ^f^^^^£^^)e3./2^ (2.14) 



by opposition to deform: there are no symplectic condition in deformation. 
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/o 







\\ 











-2/3/3 


-/3 











V-7 


2/3/3 





/ 



and the symplectic forms that we are able to deform are given by 6(C* o Ad(g)). It provides a 
two-parameter familly of symplectic forms 



(2.15) 



detuji = ——. 

9 

It turns out that the action of the group Ri has good properties that are given in the following 
proposition. 

Proposition 2.7. 

The action of Ri on lA is free and simply transitive. 

Proof. First remark that the algebra TZi can be written as a split extension: 

7^l = RA ©ad no ®ad Span{B, C}, 

hence a general element of Ri reads 

ri(a, 6, c, d) = e-'^e'^'^e^'^e"^'. (2.16) 

The work is now to expand it by replacing A, B, C, D by their values in function of Ji, W, 
M, L, J2 and V, and then to try to put all elements of S on the left. This is done by virtue of 
Campbell-Baker-Hausdorff formula. The fact that Sp'An{W, M, N,V} is nilpotent dramatically 
reduces the difficulty. We have 

ln(e'^'^^e'^^e"''^e"*^) = drV + dL + {d^r + w)W + (^d^r^ +m + ^drw)M. 

One can find m and w (functions of d) such that the right hand side reduces to drV + dL. Hence 
we have, for some auxiliary functions w and m, 

drV + dL _ drV dL w(d)W m(d)M 

and a general element of Ri reads 

^asV+^.h^drV ^a.h^dL^{w(d)+b)w ^{ra(d)+c)M ^ g^a, dy {a, b, C, d) (2.17) 

with s e S and r' e R' which defines a bijective map ri r' from Ri to R'. This proves the 
transitivity of the action of i?i . 

For freeness, just remark that in a neighbourhood of e, no element of i?i (but e) leaves [u] 
unchanged. □ 

The conclusion is that Ri is the group R that we were searching for and that it is unique (up 
to the two-parameter isomorphism (2.11)) as symplectic subgroup of AN acting transitively on 
U. It concludes the proof of proposition 2.6. 
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2.1.2 Alternative more intrinsic proofs 
Proposition 2.8. 

Let J 6 Z{K) whose associated conjugation coincides with the Cartan involution: Ad{J) = 9 
and u 6 S0(2, / — 1) such that v? = J and ue n K. Then the AN-orbit of [u] is open. 

Proof. Let us find the Lie algebra S of the stabilizer S of [u]. First, the Cartan involution 
X —X* is implemented as Ad(J) with 

T /-l2x2 \ 

which satisfies = J and a{u) = because u € Q. Now, Ad{u~^)r e H if and only if 
(T^Ad(u^^)r^ = Ad(u^^)r. Using the fact that a is an involutive automorphism, we see that 
this condition is equivalent to 

ear = r. (2.18) 

On the one hand the Cartan involution 9 restricts on ^ to (?|^ = — id because A <^ V; 

and on the other hand, cf(A) = A because Ji e Ti. and J2 e Q. So ct splits A into two parts: 
A = A+®A- with A+ =AnH = RJi and A' = A n Q = RJ2. Let ^1,^2 e A* be the dual 
basis: f3i{Jj) = Sij. We know that W e Qjj^, V e Qp.^, L e Qp^-p^, and M e Qp^j^p^. The set of 
simple roots is given by 

A = {a = /3i-/32,/3 = /32}, 

and the positive roots are 

= {a,/3,a+/3,a + 2/3}, 
in terms of whose, the space N is given by 

LeGa Me 0^+2/5. 

Since {a* f3){hiJi + h2J2) = (32{hiJi — /i2-/2) = —h2, we find we find 

= -p 
a* a = a + 2P 
a*{a + (3) = a + l3 
CT*(a + 2/3) =a. 

We are now able to identify the set S = {X e A ®^f \ a9X = X}. Let us take X eTZ = AqM 
and apply a6: 

X = X'^ + X~ + Xa + Xp + Xa+p + Xa + 2f3, 

ex = -x+ -X- + y_„ + Y_p + Y_p + Y_^„+p) + r_(„+2/3), (2.19) 

(j6X = -X+ + X~ + Z_(„ + 2/3) + Zp + Z_j^a+P) + Z-a 

where X^p, Y^p and Z^ denote elements of Q^, and X- denote the component A- of X. 

It is immediately apparent that a9X~ = X~, so that X~ e S. The only other component 
common to X and a9X is in Qp, but it is a priori not clear that Xp = Zp. We know however 
that a9V = aV because Qp has only one dimension. Using the fact that a and 9 are commuting 
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involutions, it is apparent that a = +1. Decomposing V into V = Vh + Vq, we have 9aV = 
Oiy-H + Vq) which has to be equal to V or —V. Thus there are only two possibilities 

eVn = Vh or OVn = -Vh 

OVq = -Vq OVq = Vq. 

If one compares the commutator table of S0(2, 3) with the one of S0(2, 2), one sees that V is not 
present in S0(2, 2). Since Ti. possesses every purely spatial rotation generators, the orthogonal 
complement Q contains the time-time rotation as only rotations. Other components of Q are 
boost. In particular, Vq is zero or a boost generator. In the latter case, 9Vq = —Vq, and the 
conclusion is that a6V = V. In the other case, Vq = implies that V e H which is impossible 
because [Ja, V^] = while Ja e Q and [Q,n] c Q. 

The stabilizer S is thus generated by J2 and 0/3 = WiV, i.e. 

S = Span{J2,V}. (2.20) 

The stabilizer of [u] being two-dimensional, the orbit of [u] is four-dimensional and is then open 
in AdS^. 

□ 

Notice that in contrast to the first way to find <S, this time we have no eventually double 
covering problems. 

Let ^ be a subgroup of R whose Lie algebra is a complement of S in TZ, i.e. iZ®S = TZ. 
This group does not act transitively on U if and only if the boundary of R[u] is non empty. Let 
xo = Tr'a [■"] belong to that boundary with e R' . On that point, the fundamental fields of R 
are not surjective on the tangent space of U: 

ker [n ^ T,,U] ^ {0} 
Y ^ Y* 



xo ■ 



Let Y e R belongs to this kernel: Y*^ = 0. Since the linear map (dr^^-i)^^ is nondegenerate, Y*^ 
vanishes if and only if {d-Tr'-^) xqO^xo) = 0' ^ut 

V r„ Jxo^ ^^[0 °'- ^\t=o ^ ^° ^ '^M (2.21) 

= pr^(Ad(r-i)y) 

because, on the point [u], the action to take the fundamental field is nothing else than the 
projection parallel to <S. Hence the group R is not surjective if and only if 

(Ad(i?')<5) nU^ {0}. 

We are now going to determine Ad(i?')5. Let X = X~ + Xp e S and act with an element of 

R' = exp {A+ QGa® Qa+O ® Ga+2f3) ■ 

Ad{e"^+^''+^''^^+^''^'^)iX- +Xf}) =X- +Xf3 

+ [H+ + y„ + Y^+0 + F„+2/3, X + Xp] 
\ ^ 

N' 

+ 1[H++Y^+ Y^+p + y,+2/3, N'] 
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The computation of N' is as follows: 

[H+,X-]=0 [H+,Xfj] = 

[Yo^+p, X-] = -{a + P){X-)Yo,+p = [Yc.+0,Xf3] = Z^+2p 

[y„+2/3, X-] = -(a + 2p)(x-)z'^^,p [y„+2/3, Xp] = o, 

so N' = -a{X-)Ya + Za+p - Za+2p - {a + 2(3){X-)Z'^^^p. Since I3{H+) = 0, the computation 
of [H+,N'], produces terms like [H+,Xc,+p] = {a + l3){H+)Xa+p = a{H+)Xa+p. Therefore, 
[H+,N'] = a{H+)N' and 

Ad(e^"+^)(X- +Xp)=X + N'+Y, (^^"(^^)'^' 



X + —, r^N' 

a{H+) 



(2.22) 



What we have proven is the following result. 
Proposition 2.9. 

The group R acts transitively on U if and only if the Lie algebra TZ does not contains elements 
of the form 

- 1 

X + —, r^iV' 

a{H+) 

with X e S and Y e TZ' ; the element N' being given by 

N' = -a{X-)Y^ + Z^+p - Z„+2/3 - (a + 2p)(X-)Z'^^^p 

where X = X~ + Xp is the decomposition of an element of S and Z^ are elements of their 
respective root spaces Qip . 

One can distinguish three case: the first is X = X~ e A~ , the second is X = Xp e Qp and 
the last one is X = X- + Xp {X- 7^ # Xp). 

In the first case, formula (2.22) forbids TZ to contains elements of the form 

X- + Ga ®a+2/3 • (2.23) 

The second case forbids elements of the form 

Xp + Qa+P ® Ga + 2p, (2.24) 

and the third case forbids 

X- + Xp®g^®ga,+p®ga,+2p. (2.25) 

We can extract constraints on the coefficients of algebra (2.6) from that analysis. The third 
interdiction makes that a linear combination of J2 and V in an element of TZ can only occur in 
A, so that 

bb' = cc' = dd' = 0. 

The second interdiction says that B and C cannot contain V alone, so b' = c' = 0. Finally, the 
first condition imposes c = d = because C and D cannot contain J2 alone. The remaining 
constraints for (2.6) to be an algebra are easy to solve by hand. The results are the same two 
algebras as previously found. 
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2.1.3 Local group structure 

We saw in proposition 2.7 that the open orbit U can be identified with the group generated by 
the algebra {Ji,W,M,L}. 

We want to find an algebra (whose group is) acting transitively on a neighbourhood of [u] 
in the AN orbit of [u] and which admits a symplectic form. Let A,B,C,D be a basis of this 
algebra. For local transitivity, each of them must contains at least one of Ji,W,M and L. As in 
the previous case, the most general algebra to be studied is 

A = Ji+aJ2+ a'V (2.26a) 

B = W + bJ2+ b'V (2.26b) 

C = M + cJ2+ c'V (2.26c) 

D = M + dJ2+ d'V. (2.26d) 

Among such algebras, we will have to check surjectivity of the action and the possibility to endow 
with a symplectic form. 

If we impose that Span{A, B,C, D} is a subalgebra for the bracket inherited from so(2,3), 
we find a lot of conditions on the coefficients a, 6, c, d, a', c' and d' . If, for example, we look 
at [A,B], we find 

[A, B] = W + a'M + ab'V - a'bV. 

In this combination, the coefficient of is 1 and the one of M is a', so the only possibility is 
[A, B] = B + a'C. This leads to the following conditions (equating coefficients of J2 and V): 

b + a'c = (2.27a) 
b' + a'c' = ab' - a'b. (2.27b) 

Proceeding in a similar way for the six different commutators, we find: 
For [A, C] 

ac' - a'c = (a + l)c' (2.27c) 
(a + l)c = 0, (2.27d) 



for [A, D] 



for [B, C] 



for [B, D] 



for [C, D] 



(1 - a)d + 2a'b = (2.27e) 

ad' - a'd = 2a'b' + (1 - a)d', (2.27f) 

(5 - c')c = (2.27g) 

(5 - c')c' = be' - b'c, (2.27h) 

-d'c + 2b'b -bd = (2.27i) 

-d'c' - bd' + 2{b' f = bd' - b'd, (2.27j) 

cd' = c'b' (2.27k) 

cd = c'b. (2.271) 
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Solutions of these equations^, parametrized by reals r and s and the corresponding commutators 
are listed below. 

The next step is to determine which of these algebras admit a compatible symplectic structure. 
For this, we just have to consider a general skew-symmetric matrix 



/O -a 
a 

P S 



-S -cr 



and, for each algebra, solve the four constrains. In the first algebra (see below), we find for 
example 



Lu,{[A,BlC)+u;i{[B,ClA)+u;i{[C,AlB) 



0, 



so that uji{C,B) = 0. Full results are listed below (the symplectic matrices are written in the 
basis {A, B,C, D}). We see in particular that most of the solutions reduce to the canonical 
algebra, TZc given by 

[a, b] = b [a, c] = 2c [c, d] = c. 

1. As first solution, we find of course the same algebra TZi as the one of page 33. 

2. The second solution is also the same as the previously found one. 

3. The third solution is 



A = Ji + J2 + sV 

B = W-^V 

C = M 

D = L + rJ2 



a 



—a 



I3rs — 2a.r 








[A, B'\=B + sC 

[A, C] = 2C 

[A, D] = 2sB 
[B,D] = -rB 
[C,D] = -rC, 



-1 \ 

prs — 2a.r 



2 

J 



(2.28) 



/?4r2s2 a/?3r2s a^/?^^ 
detuj = 1 . 

4 2 4 ■ 

Conditions: r 7^ 0, /3 7^ and a fir. The map (j)^: TZ^ ^ TZc 

[\ r\ 

l/2s 1 
s 1 
\0 r y 

(det (/)3 = r/2s) provides an isomorphism between 7^3 and the canonical algebra. 



^from now until the determination of symplectic forms, all results arc computed by Maxima [21]. 
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4. The fourth solution is 



A = J1 + J2 + SV 
B = W 
C = M 

D = L + rJ2 + rsV 



[A, B]=B + sC 
[A, C] = 2C 
[A, D] = 2sB 
[B, D] = -rsC 
[C,D] = -rC, 



/o - 


-a -P 


-.A 


a 





prs 
~2~ 


a 





fir 
2 


\i - 


Prs (3r 
2 2 


/ 








4 


2 


+ 4 



(2.29) 



deta 

Conditions: r 9^ 0, /3 # and a f3s. The map 04 : 7^.4 ^ TZc 

/2 -r\ 
1 1/s rs 
"^^"0 1 2rs 
\3 -r/ 

{det(()4 = —r/s) provides an isomorphism between TZ4 and the canonical algebra. 
5. The fifth solution is 



A = Ji-J2+sV 
B = W - rsJ2 + rs^V 
C = M + rJ2- rsV 
D = L + rs^J2-rs^V 



[A, B]=B + sC 

[A, D] = 2sB + 2D 

[B, D] = 2rs^B + rs^C + rsD 

[C, D] = -2rsB - rs'^C - rD, 



to 





a 



—a 




prs^ +2ars+2e 


r 








es 








—e 


—es 


e 






detw = /?^e^s^ + 2a/?e^s + a^e^ 
Conditions: r # 0, e 9^ 0, a 9^ —(3s. The map (/)5 : T^s — > TZc 

/I \ 
, 1 2s 
"^5- -1 
\0 —rs r rs^ J 

(det (^5 = r) provides an isomorphism between TZ^ and the canonical algebra. 



(2.30) 
(2.31) 

(2.32) 
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6. The sixth solution is 



A 
B 
C 
D 



J I + J 2 
W 

M 

L + rJ2 



[A,B] 
[A,C] 
[C,D] 



B 
2C 

-rC, 



(0 


—a 






a 



















I3r 
2 







I3r 
2 


0^ 



detc 



(2.33) 



(2.34) 



Conditions: a ^ 0, /3 7^ and r ^ 0. This algebra is isomorphic to the next one. 
7. The seventh solution is 



A 
B 
C 
D 



J1-J2 
W 

M + r J2 
L 



[AB] 
[A,D] 
[CD] 



B 

2D 

-rD, 





/o 


—a —(3 - 






a 





to = 


(3 


0^ 






( 




det uj 


-±(^)> 




and the conditions are a 7^ 0, 7 # 0, 


r # 0. The map 4 


'7: 






/I 0\ 
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7 — 


1 
i^O r 0^ 





(2.35) 
(2.36) 



Tlr. 



(det (t)^ 



-r) provides an isomorphism between TZj and the canonical algebra. 



All these algebras are solvable of order two (the commutators of commutators vanish) 
not nilpotent. 



but 



2.2 Isospectral deformations of M 

In this section, we present a modified version of the oscillatory integral product (A. 101) leading 
to a left-invariant associative algebra structure on the space of square integrable functions on Rq. 
Why is it better that the initial product defined over smooth compactly supported functions ? 
The motivation of considering the square integrable functions is the fact that the spectral triple 
defined in non commutative geometry contains the space of square integrable spinors (see the 
book [■■']). The fact to stabilize the space of square integrable functions is then an indispensable 
step in order to put our results in the framework of spectral geometry. 
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Theorem 2.10. 

Let u and v he smooth compactly supported functions on Rq. Define the following three-point 
functions: 

S :=S'v' (cosh(ai — a2)xQ, cosh{a2 — ao)xi, cosh(ao — ai)x2) 

0smh(2(ao-ai))z2; ^2.37) 



0,1,2 



and 



A 



cosh (2(ai — 02)) cosh(2(a2 — ao)) cosh(2(ao — ai j) 
[cosh(ai — 02) cosh(a2 — ao) cosh(ao — ai)]'^'™''^° 
Then the formula 

"*r^^=^di^f Ae^^u^v (2.38) 

extends to L^{Ro) as a left-invariant associative Hilbert algebra structure. In particular, one has 
the strong closedness property: 

r (2) r 



UV. 



Proof. The oscillatory integral product (A. 101) may be obtained by intertwining the Weyl prod- 
uct on the Schwartz space =5^ (in the Darboux global coordinates (A. 100)) by the following 
integral operator [I'-i]: 

t:=F-1o(0-1)*oF, 
F being the partial Fourier transform with respect to the central variable z: 

Fiu)ia,x,0---\e-^Ma,x,z)az; 

and (j)g the one parameter family of difFcomorphism(s): 

(j)e{a, X, £,) = (a, rTeT^^' \ sinh(6'0)- 

cosh(|4) ^ 

Set J := |(0~^)*Jac0|~^ and observe that for all u e C'^ n L^, the function J{4'~^)*u belongs 
to L^. Indeed, one has 



Therefore, a standard density argument yields the following isometry: 

Te : L'^iRo) L^{Ro) -.u^F-^omjo (</,-!)* o F(u), 

where mj denotes the multiplication by J. Observing that Tq = F~^ o mj o F o t, one has 
★g^^ = F^^ °rnj o F(*g). A straightforward computation (similar to the one in [ ]) then yields 
the announced formula. □ 
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Let us point out two facts with respect to the above formulas: 

1. The oscillating three-point kernel Aexp S*) is symmetric under cyclic permutations. 



2. The above oscillating integral formula gives rise to a strongly closed, symmetry invariant, 
formal star product on the symplectic symmetric space (i?o,a;,s). 

Proposition 2.11. 

The space i/^(i?o)* of smooth vectors in L^{Rq) of the left regular representation closes as a 
subalgebra o/ (L^(i?o), 

Proof. First, observe that the space of smooth vectors may be described as the intersection of 
the spaces {Vn} where Vn+i := with Vq ■= L?{Ro) and is defined as the space of 

elements a oiVn such that, for all X 6 TZq, X.a exists as an element of Vn (we endow it with the 
projective limit topology). 

Let thus a, 6 e Vi. Then, [X.a) *b + a * (X.b) belongs to Vq. Observing that D <z Vi 
and approximating a and b by sequences {a„} and {b„} in D, one gets (by continuity of *): 
(X.a) * b + a * (X.b) = lim(X.a„ * 6„ + a„ * (X.bn)) = limX.(a„ * 6n) = X.{a * b). Hence a * b 
belongs to Vi. One then proceeds by induction. □ 

2.3 Spin structure and Dirac operator 

Construction of the frame bundle is a straightforward adaptation of theorem 2.2 (chapter II) in 
['_'-'], while connection issues are adapted from proposition 1.3 (chapter III). According proposition 
B.3, notations G and H stand for the identity components of S0(1, 1 — 1) and S0(2, 1 — 1). 

2.3.1 Frame bundle and spin structure 

An element of the frame bundle is a map from Q to T{G/H) of the form^ d^g o A where g & G 
and A e SOo(Q). By proposition 1.10, there exists a /i 6 if for which A = Ad{h) for every 
A 6 SOo(Q) so we have 



hence in fact every element in the frame bundle reads dfig for some g e G. We conclude that the 



dfig o A = di: o dLg o Ad{h) = dn o dLg o dL^ o dR^ = di: o dLg o dLh = dfigh 




Proposition 2.12. 

The map 



/3:G^B 
g dfig 

is a principal bundle isomorphism between the frame bundle and the principal bundle 



(2.39) 



G 



H 



(2.40) 



Y 



G/H 



See B.3. 2 for notations. 
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where n is the natural projection, the action of H is the right one and the wavy line means "acts 
on". 

Proof. Surjectivity of (3 is clear. For injectivity, suppose dfig = dfigi. In order for the two target 
spaces to be equal, one needs g' = gh for a, h e H. Now we have, for all qj e Q, 

dfigQj = d^ghqj = dTTdRi^-idLgdLfiQj = dTrdLg ( Ad(/i)gj) , (2-41) 

but dn is an isomorphism from Qg, so we deduce that Qj = Ad{h)qj. Since we are using the 
connected component of SO(Q), that implies that h = e, and thus that g = g'. The following 
proves that /3 is a morphism: 

I3{gh) = dndLgdLh = dndLgdLhdRh-i = dirdLg Ad{h) = f3{g) ■ h. 

□ 

The following lemma provides a convenient way to express the tangent bundle over G/H as 
an associated bundle to the principal bundle (2.40). We denote hy G XpQ the quotient of G x Q 
by the equivalence relation {g,X) ~ {gh, Ad{h~^)X) for all he H. 

Lemma 2.13. 

The map 

f3:GXpQ^TM 

r n (2-42) 

[(7,X] dTgdirX 

with p{h)X = Ad{h^^)X is dijjeomorphic. 

Proof. In order to check that /3 is well defined, first compute 

P[gh, Ad{h-^)X] = dTghd-n Ad{h-^)X = dudLgh Ad{h-^)X, 

and then using the fact that dndRh = dir, the latter line reduces to dudLgX = (3{g,X). For 
injectivity, let = f3[g',X']. In order for these two to be vectors on the same point, 

there must exists a, h e H such that g' = gh. The equality becomes d-ndLgdh^X' = dirdLgX. 
Commuting dir with dLg and using the fact that dTg is an isomorphism, we are left with the 
condition dndLhX' = dnX. 

An element of Q /Ti is an equivalence class which contains exactly one element of Q. In the 
right hand side of the condition, this element is X while the element of Q in the class dndLhX 
is Ad{h)X'. Equating these two elements, we find the condition X' = Ad{h^^)X , which proves 
that [g, X] = [g', X'] and concludes the proof of the injectivity of /3. □ 

The following proposition will prove useful in order to identity the spin structure over AdS^. 
Proposition 2.14. 

If G is a connected Lie group and if Z is the center of G, then 

1. Ada is an analytic homomorphism from G to Int(G), with kernel Z , 

2. the map \g\ AdQ^g) is an analytic isomorphism from G/Z to Int(g) (the class \g\ is 
taken with respect to Z ). 
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On the one hand that proposition among with the fact that Z( SP(2, R)) proves that the quo- 
tient SP(2,]R)/Z2 is isomorphic to Int (sp(2,R)). On the other hand one knows that SOo(2,3) 
has no center, so that SOo(2,3) ~ Int(5o(2, 3)). But the subsection B.11.2 provides an isomor- 
phism between so (2, 3) and sp(2, R). Thus we have 

SP(2,R)/Z2 ^ SOo(2,3). (2.43) 

We denote by (p: SP(2,R) —>■ SOo(2,3) the corresponding homomorphism with kernel Z2. 
In particular the restriction ^\sl{2.c) is a double covering of S0o(l,3). But x is the same 
kind of double covering, so universality of SL(2, R) on S0o(l,3) provides an automorphism 
/ : SL(2, (D) SL(2, (D) such that = X° f- The spin structure to be considered on AdS4 is 

Spin(l,3) 5-SP(2,R) ^ S0o(2, 3) - S0o(l,3) 




AdSi 



where the action of Spin(l, 3) on SP(2, R) is given by a-s = af ^(s) where we identified Spin(l, 3) 
with SL(2, (D) as subgroup of SP(2,R). One immediately has (p{a ■ s) = ip{a)x{s)- 



2.3.2 Connection 

There are a lot of ways to express a vector field X : G/H T(G/H). From the identification 
T{G/H) = G X p Q, one has X : G/H G Xp Q. As section of an associated bundle, X can be 
expressed by an equivariant function X.G—^Q such that X^^ = [g,X{g)]. The i/-equivariance 
of X means that X{gh) = Ad{h^^)X{g). Let X & Q and consider the function 

Ax-.G^Q ^ ^ 

1 X 2.44 
ff-(Ad(g-i)X)g 

which is equivariant because the decomposition Q = H, ® Q is reductive. The corresponding 
vector field is 

Ax[g-\ = [g.{M{g-')X)^]: 

or 

Axig] = dTgdTT{Ad{g-^)X)Q = dTTdLg{Ad{g-^)X) 
because dnXQ = dnX. It is easy to check that the form 



,(X) = -{dLg-^X) 



n 



is a connection form on the principal bundle (2.40). We are going to determine the associated 
covariant derivative of this connection on the tangent space, and prove that it is torsion free. 
The horizontal lift of Ax [<?] is 

Axig) = dL,(Ad(.g-i)X)g = l[ge^vraA^(,-')x^^^^_ (2.45) 
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The equivariant function associated with the covariant derivative of Ay in the direction of Ax 
is given by {Ax)gAY. Using expressions (2.44) and (2.45) of 4y((?) and Ax{g), we have 

. (»d(-prj,Ad(.,-')X)Ad(s-')l')^ 

.-[(Ad(<,-i)x)g,Ad(<,-i)y]^. 

This commutator is an expression of the form [Zq, Z'q + Z!j_i^q. Using reducibihty we find 

(Ax)gAY = -[(Ad(5-i)X)g, (Ad(g-i)y) J. (2.46) 
The commutator produces 

(Ax)gAY - (Ay)9Ax = -i[x,y](<?), 

which by construction the equivariant function associated with the vector field V Ax ^y—'^Ay 
so on the one hand we have 

{Vax^y - Vay^xM = -dTgdTrA[x,Y]{g) = -dTgd7T{Ad{g-^)[X,Y]) ^ 

= -d7rdRg[X,Y]. 

On the other hand, 

[Ax, = d7:[dRgX,dRgY] = -d7:dRg[X,Y], 

which proves that the connection is torsion free. 

We are now going to study the horizontal vector fields on SP(2,]R) with this connection and 
the homomorphism of equation (B.80). We have to study for which elements e SP(2,]R) 
the expression 

Wa(Sa) = UJh-Ha){{dh~'^)a^a) = - (dLh-^a)-^dh~^T,a^ ^ (2.47) 

vanishes. Every such element can of course be written under the form = dLaipX for some 
X 6 SO (2, 3). So we are lead to consider the expression 

{dh-%{dLa)ei>X. (2.48) 

It is easy to deal with that expression in the case of a = e: 

{dh-^)ei^{X) = i(j-'^i}X = X. 

In particular, if E e T, then dh~^Il e Q and when E e X, we have d/i~^E e H. This result 
propagates to other elements a e SP(2, R) using the general result 

df o dLg = {dlf(g)) o df 

which holds for any group homomorphism /. Using that property with h^^ on the point a e 
SP(2, R), we find {dh^^)a o {dLa)e = ('^ih-i(a)) ° {dh^^)e, and the expression (2.47) becomes 

LUaidLa^X) = (dL, .-idh-^dLai'X) = Xh- 

It is zero if and only if X e Q, so that the horizontal vectors on a are exactly the ones of 
dLa^pQ = %. 
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2.3.3 Dirac operator 

When s : SP(2, R) AW is the equivariant function associated with a spinor, the Dirac operator 
reads 

Ds(a) = gijj^Vt,s{a) = gijj^ti{a)s = gijjHi{a)s (2.49) 

where the metric g is the usual four-dimensional Minkowskian metric and the matrices 7 are 
the associated 4x4 Dirac matrices. The elements ii{a) = dLati = dLaip{qi) span the natural 
basis of Ta, see appendix B.11.3. The matrices 7* are the usual 4x4 Dirac matrices for the 
4-dimensional Minkowskian metric. 

One can find a change of basis which express the Dirac operator in terms of vectors of i?i . 
For that, let {Xi} be a basis of We have 

X*[u\ = ^[[e"*'''"]],.^ = -dTTdRuX, 

that is necessarily decomposable by corollary B.12as combinations of vectors of the form dirdLuqi 
because [u] belongs to an open orbit of the action of That defines a matrix B by 

d'KdLuqi = BijdirdRuXj , 

and then a vector Y eHby 

q, = Bij Ad{u-^)Xj + Y. (2.50) 
Now we have ti{a) = dLaip(Ad{u~^)BijXj + F). We can go further using the fact that 
tp(^Ad{h-^(a))X^ = Ad(a)Tp{X) for every a e SP(2,R) and X e Q. Defining the vectors 
s, = Ad (/i(-i))V'X, we find 

U{a) = B,fs,{a) + ^^){a). (2.51) 

2.4 Perspectives 

A main achievement of spectral non-commutative geometry is the ability of retrieving the original 
Riemannian manifold from the data of the spectral triple. Such a result does not exist in the 
case of AdS because the latter is a non-compact psewdo-Riemannian manifold. The main lines 
of such a reconstruction method can however be foreseen in the case of anti de Sitter space. 

(2) 

• Knowing the family of products *g , we know in particular the usual commutative product 
of functions. That should allow us to find back the manifold AdS 4,. 

• It is possible to extract the data of the curvature of the manifold from the data of its Dirac 
operator as the non-differential part of its square. That part will of course appear to be 
constant and negative (because we know that we were starting from anti de Sitter). 

We only quantized an open orbit of ^^5*4 because it is a whole physical domain. Quantization 
of the full space could be very interesting because of a special effect of the noncommutative 
product: two functions with disjoint supports can have a non vanishing product. What about the 
physical significance of that property when one multiplies a function supported in the singularity 
by a function supported in the physical part ? 

There is another reason to study the quantization of the full space. We will show in section 3.2 
that a deformation of the full space by action of the Iwasawa component of S0(2, Z — 1) is possible. 
That quantization has the advantage of deforming the space by the action of the group which is 
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precisely defining the singularity. In other words the same group can describe a singularity and 
a quantization. A work to be done is to try and recover the special causal structure from the 
data of the quantized manifold. That structure must be in some way contained in the spectral 
triple. 
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Chapter 3 



Two notes for further 
developments 

Abstract 

This chapter contains two directions that were explored during my thesis and that were 
not finished for different reasons. 

In the first section, we state a resuh of Unterberger in [2~i] which provides a deformation 
of the complex half-plane, and we show how to translate it as a new noncommutative product 
on the group ax + b, i.e. the Iwasawa subgroup of SL(2, R). The technique of deformation 
by group action described in appendix A. 4 then induces a deformed product on the dual of 
its Lie algebra. We do not study the properties (symmetries, maximal functional space of 
convergence, symplectic condition to be a true quantization, . . . ) of this product, but we 
show that Unterberger's result assures the existence of at least one good functional space. 
Unfortunately the formula reveals not to be universal; we show the lack of universality on 
two examples of actions of the group aa; + 6 on AdS2- The failure is due to divergences of 
the derivatives of the functions Zi (see equation (A. 89)). 

This study is motivated by the fact that recent work (not published yet) of P. Bieliavsky 
provides an universal deformation of the AN of SL(2, R). We are thus allowed to say that 
the latter new product is "better" than the one of Unterberger. We do not address the 
question to know the precise point that makes the lack of universality in Unterberger. 

The second section is an application of the extension lemma (lemma A. 19). We show 
that all the ingredients needed to deform the AN of SO(2, n) are present. The idea was to 
deform the AdS black hole using the action of the so-deformed AN. That should provide an 
alternative way to deform AdS to the one presented in chapter 2, and a quantization of AdSi 
using the same group as the group which defines a black hole. That method would use the 
deformation by group action machinery described in appendix A. 4. The arising question is 
naturally to know if that quantization is in some sense equivalent to the one given in chapter 
2 or not. That question is not answered yet. 

3.1 Formula of Unterberger on SL(2, R) 

The following results come from [ ] (from page 1219) and provide a deformation^ of the half- 
plane 

-"^or, at least, a new noncommutative product. 
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Before to give the precise statement that will be used, we need some definitions. A first 
product is defined by (we will precise the functional space later): 

{fogmv) = 2 ^(4*^)-"-''(5,"^5p^/)(0,0)(5f53(0,0) (3.1) 



a, 13 

where 



and the same for g. In particular, 

(/ O5)(0, 1) = 4 J/(vI/(gi,pi))5(*(g2,P2))e-4^^(-«^P^+«=f^) dq^ dp, dq^ dp^. 

with 

*(p,g) = (P, 9 + Vl"Tg2) 

Definition 3.1. 

Let ri, r2 and n be real numbers with ri ^ 0. We denote by S"^ the space of functions 
f 6 C'^' (D) such that for all {j, /c) 6 N x there exists a C > such that 



dU V'^^J ^^^'"^^ ^Cv'-Hi + vYHi + m'-'- (3.2) 

Now, theorem 8.2 in [: ] states 
Theorem 3.2. 

Let f 6 E"^ and g 6 S" ^^^z . For each N 6 Nq, the function 

hN=fog- 2 W^^*")"""'' 2 C^l<f(elel/)(ei'erff) (3.3) 

a+f3^N-l '' j,k,j',k' 

belongs to the space S"^"^^r^_|_,., if constants C;^'^ are defined by the requirement that 

(4'e?/)(Co,r?o) =Y,C=^%{e{elf){io,m) 

for every smooth function f and (^Oj7?o) £ D when j + k ^ a + P and j ^ a and C^'^ = 
otherwise. The operators are defined by ei = ei = 5j and £2 = 2[l + (■^)^] ^(Co^c + VoSri)- 

For our purpose, the point is that there exists a product on Fun(D) and that theorem 3.2 
provides a functional space stabilized by the product. We are now going to translate this result 
in terms of the Iwasawa subgroup R = AN of SL(2, R) that is parametrized (see (B.22)) by 



(a,0 

The map 



e*^ le"" 
e-" 



j:R^R' 

{a,l)^{e'-,len 



, , (3.4) 
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provides an isomorphism between R and the group 

R' = {{a,^) 



a (3 
1 



a > 



The inverse of j is j ^{a,(3) = (lna^/^,/3Q; ^). The group R' acts on D by 



(3.5) 



which is a freely transitive action. For each choice of "reference point" {£,o,'i]o) e D we build an 
identification i: D ^ R' by the requirement «(^,77) • (Co,'7o) = (Cj^)i that is 



(3.6) 



Now we can identify D to R by k: D ^ R, k = j ^ oi. For the choice {£,o,Vo) = (0, 1), we 
find fc(C,7?) = ika{£„v),ki{£„v)) where 



(3.7) 



and the function f on R corresponds to the function f = f o k on D. 
The result of Unterberger is that the function / "can be quantized" if 



d\W d 



d-q 



-3 



(3.8) 



where n, ri and r2 are real numbers and ri ^ 0. We want to see what condition has to be 
imposed on / in order for / to fulfil this condition. In other words, we want to express the 
operator 



dV 



d 



in terms of the coordinates on R. For that we compute 5^/ and (rjdri)J in terms of dif and daf . 
Let us precise that, when we write expressions like rjdri, we mean for example 



For 5j/ we have: 



(^5,/)(e,2) = 2(5,/)(e,2) 



(5?/)(C,^) = (t5;/)°^(C,^)(5c^fe)(^,^) 

+ {daf)ok{^,ri){d^kamil). 



using the formula (3.7), we find {d^f){S,, ry) = {dif) o k{^, rf) and we conclude that 

Sj = {dif) o k. 

For {rjdri)/, we find 

{rid^){fok){C,r,)=r,{d,{fok)){C,r,) 

= v{daf)ok{i,r,){d,kam,7j) 
+ ^(5i/)ofc(C,r?)(5^fcO(C,r?) 

= -Udaf)oki^,7j), 



(3.9) 
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and we conclude that 



{Vdr,){f0k) = --{daf)0k. 



So the operator Aij, expressed on R, reads 



ididlf)ok, 



and condition (3.8), with {^,1]) = k ^{a,l) = {l,e ^°') reads now 



(3.10) 



(3.11) 



^ Ce-^''i'^(l + e-^°)'^^(l + 1^1) 



(3.12) 



with ri ^ and r2, being any real number. From now on this regularity condition will be 
referred as the Unterberger's condition. That condition characterises a stable functional space 
for the Unterberger product on R. 

We want now to test the deformation of manifold by action of R. A somewhat deceiving 
result that will be shown is that Unterberger's deformation of R is not an universal deformation 
in the sense that we will find some action of R on manifold for which the action deformation 
does not provides a deformation of the manifold. 



3.1.1 Action on the dual of its Lie algebra 

The action if given by 

(a, l).^ = {yH+ 2yEl)H* + yse-^'^E* 

where ^ = ynH* + ysE* is any point in TZ* . The question is to know if the product {u v) 
makes sense when u and v are compactly supported smooth functions on 7^*. In order to address 
this question, we have to check if for every ^ in TZ*, the function 

(a«u)(a, I) = u{{a, l)-^ ■ ^) = u{{yH - 2yEe-^^l),yEe^'') 

fulfils condition (3.12). So we consider 

f{a,l) = u{{yH-2yEe-^,yEe^), 

ZH(a,l) ZE{a,l) 

and we compute 

{dif ){a,l) = {dHu){zH,ZE)di{yH - 2y£;e-^"/) 
+ {dEu){zH,ZE)di{yEe^'^'") 
= {dHu){zH, ZE)i-2yEe-'^''), 

so 

idif){aj) = {d'^u){zH,ZE){-2yEe-^y. (3.13) 

The combination j/se^^" which goes out is precisely ze which remains in the derivative of u. 
But the derivative of u has compact support. Hence, in fact, the coefficient yES~'^°' remains 
constrained in the domain where the derivative of u does not vanishes. The point is that the 
coefficient which go out with derivatives is exactly made of zh and ze- 

So TZ* is as deformable as D. More precisely, a deformation of 7?,* by action of R is induced 
by the deformation of D by Unterberger. 
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3.1.2 First action on the two dimensional anti de Sitter space 

We see AdS2 as in B.8.2 and we consider the following action of AN on AdS-z- 

r ■ Ad{g)H = Ad{gr-^)H. 
It is easy to see what does this action become in terms of the cylinder: 

^^vaH^v^e^^ . Ad (e^^^e^'"-^) = Ad (e^icTgX„£;-y„£;gy^H^^ 

where the adjoint action of e^^^ on H is of course trivial. Thus we have 

{ua^Vn) ■ {xk,xn) = {xK, XN - Vn)- (3-14) 

Notice that only one dimension of AN really acts. This action is thus not the most natural one, 
but is gives an interesting first toy model. Using the notations of coordinates (B.63), we consider 
X = (j){6, h) 6 AdS2 and u 6 C^f'{Cyl), a compact supported function on AdS2 and we compute 

(a^it)(a, I) = u{{a, l)'^ ■ x) = u{{-a, -le^") ■ x) = u{0, h + le^"), 

so that if we pose /(a, I) = u(0, h + Ze^°), we have 

{dif){a,l) = e^''{d2u){0,le^''). 

When one makes a ^ oo and / ^ in such a way that ?e^° remains constant, the function (dif) 
diverges in an exponential way with respect to a. It contradicts Unterberger's condition (3.12). 

3.1.3 Second action on the two dimensional anti de Sitter space 

Let us now study the more natural action 

r ■ Ad{g)H = Ad{rg)H. (3.15) 

It is in general very difficult to find, for given yA, Vn, xk and xjsi, the numbers (unique by 
construction) zk and such that 

Ad(e2'-*-f^e^"-^e="^^e^"^)i7 = Ad(e^^^e""^)i?. 

In order to simplify the computations, we use the lemma A. 21 which states that we only have 
to perform the computation for one {xk,xm) in each orbit. We begin hy xk = xm = i.e. the 
orbit of H itself. First, computations show that 

Ad(e^'^^e'^"-^)i/ =(cos(2zi^) -sin(2zi^)zAr)i7 

- 2(cos(2zif)zAr + s.ixi{2zK))E 

+ (^(cos(2zk) - l)zN + sin(2zK)jT. 

Next, 

Ad(e''^e'^)i7 = (^J = H- 2e'-lE. 

Comparing with the general form, we find that 

Ad{e''"e'^)H = Ad(e'"'"-^)ff, (3.16) 



56 



CHAPTER 3. TWO NOTES FOR FURTHER DEVELOPMENTS 



or (a, I) ■ (0, 0) = (0, ie^"). What is important in our deformation problem is the function 

{a"u)(a, I) = u{{-a, -le^")) ■ H) = u(0, -I). 

This function of course satisfies the Unterberger condition when u has a compact support. 
The second orbit that we study is the one oiV = kA{e^'^l'^)H = -2E + T. One has 

Ad(e"-f^e'^)V = -IH + e-'^°'{e^°-f - e*" - l)E + e-^^T. 

If we pose c = cos{2zk), s = sm{2zK) and b = e^", we have to solve the system 

c — szn = —I (3.17a) 

-2czN -2s = ^{b^l^ -b^-1) (3.17b) 

{c-l)zN + s = ^ (3.17c) 
c^+s^ = l (3.17d) 
with respect to c, s and Zn. One can check that the following is a solution: 

52/2 _ 2b^l +62-1 



62^2 - 262^ +62 + 1 

26(1-;) 
62^2 - 2bH +62 + 1 



(3.18a) 
(3.18b) 



ZN = ^ . (3.18c) 

If we pose (a, I) = ZK{—a, —le'^"') and zn{<i, I) = ZN{—a, —le'^"-), we have 

-ZK{a, I) = - arcsm j^^^-^^-,—-^ j (3.19) 

2zN{a, I) = e-^" - e^^if + 1). (3.20) 
The principle of deformation by action of group leads us to deal with the function 

/(a, /) = u{zK{a, l),ZN{a, I)), 

which should satisfies Unterberger 's condition when u is compactly supported. Notice that zk 
is a compact variable, so that u can be non vanishing for all values of Zk without violate the 
compact support requirement. The derivative of / with respect to a uses the chain rule, and it 
is apparent the higher order derivatives have to use the Leibnitz formula; 

|^(a,Z) = {diu){zK,ZN)^^ia,l) + id2u){zK,ZN)^^ia,l). 
In order to give an idea of what is going on, here is the first derivative of Zk with respect to a: 

2g2a 



idaZK)ia,l) 



e^'^P + 2e2«Z + e^" + 1 ■ 



Let us look at the limit a — > — 00 on the line I = e 2°. If one performs multiple derivatives of 
f{a,l) with respect to a, Leibnitz rules yields a lot of terms of the form 

{d^idlu) {zK{a, I), ZN{a, I)) {dizK){a, Z)^ (5^^iv)(a, Z)™- (3.21) 
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On the line / = e^^°, the numerator of {dl_ZK){a,l) is (e"*" + 4)^* while the numerator is a sum 
and product of monomials of the form (e^** + N) with iV > 0. At the limit, this factor in (3.21) 
goes to a finite number. The factor {d^zi^){a,l) is very different because 

{d^ZN){a,l) = (-l)'^2'=-ie-2'^ - 2''-^e^''if + 1). 

which becomes 

2fc-ig-2a^^_j^^fc - 1) - 2'=-ie2" 

on Z = e^^°. It goes to zero when a ^ -co and k is even, but is goes to — oo at the same limit 
when k is odd. The highest divergence in all the terms of type (3.21) in {d^f ) is expected for 
maximal to, so when i = j = 0. This is a divergence as 

Notice that this divergence increases when the order of derivative increases. Hence it contradicts 
Unterberger's condition which works with parameters ri and r2 who are constant with respect 
to the order of the derivative. 



3.2 Deformation of S0(2, n) 
3.2.1 Decomposition as split extension 

We try to decompose A®Af as symplectic sum in order to use the extension lemma. In that 
purpose, let us consider the change of basis (B.60) in A: Hi = Ji — J2 and H2 = Ji + J2. 

If Hi e S2, then L, Vi, Wi e S2 because Si must act on S2. Hence M e S2 and H2 remains 
alone in Si. That proves that Hi e Si. If we suppose that H2 6 S2, we find 

51 = {Hi,L} 

(3 22) 

52 = {H2,V„Wj,M}. 

The case Hi,H2 e Si leads to 

even 

Si = {Hi,H2,'K^^^b} (3.23) 

ers i • 

The symplectic condition excludes the second decomposition. Indeed for each s such that 
[Hi, s] = as (i.e. s = Vi,Wj,L), we have 

f72(e°'i-f^iM,e^^^is) = e°'n2{M,s) = f^2(M,s). 

Hence il.2{M, s) = 0. This proves that the decomposition (3.23) imposes the symplectic form ^2 
to be degenerate. We are left with decomposition (3.22). 

Root space decomposition of SU{1, n) can be found on pages 314-315 of [2 .]: it has dim^ = 1, 
dimC/2/ = 1 and dim Qf = 2{n — 1). In 52, we have Vi e Qi, Wj e Qi, M e Q2, and when we look 
at AdSi = S0(2, 1 — 1)/S0(1, 1 — 1), we have I — 3 matrices Vi and Wj. Therefore S2 is nothing 
else than the ^ @ A/" of su(l, I — 2) (recall I ^ 3). The analysis shows that Si is the „4 @ A/" of 
su(l,l). 
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3.2.2 Conclusion and perspectives 

For our AdSi black hole, the algebra of the group which defines the singularity is the split 
extension 

A deformation of the corresponding groups is given in the article [23], and the extension lemma 
A. 19 yields now an oscillatory integral universal deformation formula for proper actions of the 
Iwasawa subgroup of SO (2, ^ — 1). That remark provides an alternative way to deform the black 
hole to the one presented in section 2.1. 

The availability of a quantization of AdSi by action of AN is an opportunity to embed our 
black hole toy model in the framework of noncommutative geometry. Indeed, the quantization of 
AdSi is the data of the anti de Sitter manifold and the action of the group AN; that is precisely 
the data which defines the black hole of chapter 1 . So we would be able to "see" the causal issue 
from the data of the deformed spectral triple. Remark that a causal structure (in the physical 
meaning of the term) is a special property of psezirfo-ricmannian manifolds for which spectral 
geometry does not exist yet. 

An important remaining problem with that method is the fact that the extension lemma does 
not assure the existence of a stable functional space for the new product. So there is still a lot 
of analytic work to be done. 



Appendix A 

Deformations 



Abstract 

Deformation is a main theme of research in the present work. We begin here to describe 
WKB quantization and a general method to guess deformations of function algebras. The 
role of Darboux charts and momentum maps appears clearly. A careful example is given by 
the deformation of SL(2, IR). 

We prove a useful result (from [''■>]), the extension lemma, which allows to deform a 
split extension when one knows a deformation of the two components of the extension. The 
kernel is simply the product of the two kernels. 

Then we see the principle of deformation by group action: when a Lie group is de- 
formable, one can find a deformation of any manifold on which the group acts. Universal 
formulas exist in some cases. This is why deformations of groups are studied. An application 
of that extension lemma to the Iwasawa subgroup of SO (2, n) is given in chapter 3. 

A.l WKB quantization 

More details can be found in the article [ ]. A manifold M is given with its usual commutative 
and associative algebra (C*(M), •) of smooth functions. A deformation, or a quantization^ , of 
M is the data of a new product *f/ on a functional space over M. 

Let G be a Lie group acting on a manifold M. We consider Fun(M, (D), the space of all the 
maps from M to (D, without any regularity conditions. The regular left representation of G 
on M is the representation of G on Fun(Af ) given by 

[L;{a)]{h)=a{gh) (A.l) 

for all a e Fuii(M), g, he G. 

A. 1.1 Definitions and general setting 

Let {M, u!, V) be an afline symplectic manifold, i.e. a 2n-dimensional symplectic manifold (M, us) 
endowed with a torsion- free connection V such that Vui = 0. The automorphism group 
Aut(M, w, V) is defined as 

Aut(M,cj, V) = Aff(V) n Symp(tj) 

^In fact, we make a difference between these two words. A deformation is only the fact to find a new product 
from an old one; the new product depends on a parameter and has to reduce to the old one when the parameter 
goes to zero. A quantization is a deformation in which the first order term (whatever it means) of the new product 
contains the symplectic structure as in condition (A. 4) below. 
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where Aff (V) is the group of affine transformations of the afhne manifold (M, V) and Symp(ci;) 
is the group of symplectomorphisms of (M, uj). 

Let i? be a subgroup of Aut(Af, ui, V). The following definition of a i?-invariant WKB quan- 
tization can be found in [ ] . 

Definition A.l. 

A R-invariant WKB quantization of {M,lu,\/) is the data of a product 

{u *e v){x) = \ ae{x,y,z)eT!''^^''^y^'\{y)v{z)dydz (A.2) 

(where dydz is the Liouville measure lo^^ /n\) with the following constrains: 

1. For each 9, we have a space Ag containing the space C^- (M) of compactly supported 
smooth functions. The product *g extends to Ag in such a way that {Ag,*g) becomes a 
one-parameter family of associative *-algebras. 

2. The product *o on Aq is the usual pointwise product and (Aq, *q) is a Poisson subalgebra 
of C'^ {M) for the induced Poisson structure from the symplectic form uj. 

3. V9 ^ 0, the space Ag is a ^-vector subspace of C'^ {M) such that 

C'^'{M)^Ao^Ae 

where the involution * on C^\M) is the usual complex conjugation. 

4- S is a real valued smooth function S : M x M x M —>■ M, such that for all xq 6 M, the 
function S{xo, •, •) G C'^"{M x M) has a nondegenerate critical point at {x{),xq). 

5. The functions ag are positive real-valued: 

ag: M X M X M ^ IR+. 

6. The functions S and ag are invariant under the diagonal action of R on M x M x M. 

7. y x e M and M u,v e C^(M) with support in a suitably small neighbourhood of x, a 
stationary phase method yields the extension 

Q 

{u*g v){x) ~ u(x)v(x) + -ci(u,v)(x) + 0(6*^) (A. 3) 

where c\ satisfies 

ci{u,v) — ci{v,u) = 2{u,v}. (A. 4) 

We emphasize the fact that the functional space A^^ is stable under *g: this is a strict 
quantization in contrast to a formal star product which only stabilises the space of formal power 
series of 6. 

An example of WKB quantization is the Weyl product which is nothing but an integral 
reformulation of the Moyal star product: 

where S'^{x, y, z) = ri(x, y) + il(y, z) + ri(z, x), and Vl denotes the usual symplectic form on M^". 



A.l. WKB QUANTIZATION 



61 



The function K = agee^ is the kernel of the product -kg. The associativity of *0 on the 
functional space Aq is the fact that the equality 

{{u *e v) *0 r) (x) = (u *g (v *e r)) (x) 

holds for every u, v, r e Ag and x e M . That condition translates under an integral form to the 
following relation 



I 



K{x,y,z) 



MxM 



J MxM 



K{x,y,z)u{y) K{z,t, s)v{t)r{s)^M{t, s) 

JmxM JMxM 



(A.5) 



fj-M{y, z) 



where fJ.Miy, z) = ^m(j/)mm(-z) is the Liouville measure on M . Performing formal manipulations 
(such as a Fubini theorem) , one can express this condition as 



r K{x,y,t)K{t,p,q)fi{t)= I K{x,T,q)K{T,y,p)fi{T) 

JM JM 



(A.6) 



That form is easier to handle and to check, but it is meaningless in general. 

The fact to have a left- invariant kernel on a group G means that the kernel K : GxGxG 
<C has the property L*K = K, or 



K{ghi,gh2, gh^,) = K(hi,h2, hz 



(A.7) 



for every g e G. The following lemma allows us to use group isomorphisms to push forward a 
kernel from a group to another. 

Lemma A. 2. 

Let Gi and G2 be two symplectic Lie groups and Ki, a left-invariant kernel on Gi which provides 
an associative product on the functional space Ai. Let (j): G2 —>■ Gi be a symplectic Lie group 
isomorphism. Then the kernel K2 = (t>* Ki is invariant and gives rise to an associative product 
on A2 = (j)*Ai. 

Proof. By definition, 

{rK,){hi,h2,h3) = Ki {4>{hi), 0(/l2), (b{h3)). 

Therefore, using the left-invariance of Ki, we have 



l;<p*k2 



'oL,)*K2 = (L, 



'K2 



That proves left-invariance of (t)*Ki on G2. Now we prove the associativity of K2, this is to check 
condition (A.5). We have 



I 



K2{x,y,z) 



G2XG2 



K2{yXs){(t>*u){t){rv){s)ti2{t,s) 



G2XG2 



{(t)*r){z)fi2iy,z) 



Ki{(t>x,(t)y,(j)z) 



G2XG2 

r{(l)z)fi2{y,z). 



G2XG2 



Ki{4>y, (f>t, (j)s)u{(j)t)v{4>s)fi2{t, s) 
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We perform in this integral the change of variables Ty = (jjy, Tt = (pt, Tz = (pz and Ts = 4>s. This 
does not affect the measure because is a symplectomorphism and iii are the Liouville measures 
on Gi, so that for example, /i2(t) = ^^2{4'~^ '''t) = ^J■l(Tt)■ The previous integral becomes 



J 

JGixGi 



Kl{(t)X,Ty,Tz) 



Kl{Ty,Tt,Ts)u{Tt)v{Ts)Hl{Tt,Ts 

^ JGi xGi 
r{Tz)ni{Ty,Tz). 

Using now the associativity of Ki on Gi and performing the inverse change of variables, we find 



I 



G2XG2 



K2{x,y,z){(j)*u){y) 



G2XG2 



K2iz,t,s)irvm{<P*r){s)f,2{t,s) 



which proves the associativity of K2 on 4'*Ai. 

Notice that condition (A. 6) can be checked in much the same way. 



□ 



It is worth noticing that lemma A. 2 needs a group isomorphism while one often only has a 
Lie algebra isomorphism. Due to Campbell-Backer-HausdorfF formula, it may be very difficult 
to find a group isomorphism from an algebra one. 

Remark A. 3. Most of the time, the symplectic condition (A. 4) does not have to be checked 
because we just define the symplectic form W2 on G2 as 0^2 = (t>*u!i where uii is the symplectic 
form on Gi. 

Definition A. 4. 

When a: G x A A is an action of a Lie group G on a vector space A, one says that the element 
a e A is a differentiable vector of a if the map g i—>- ag{a) is a differentiable map from G into 
A. 

We are interested in the regular left representation L: Rx Ag Ag defined by (L,.(M))(a;) = 
u{r ■ x). A function u e Ag is a, differentiable vector of L when the map 



au: R ^ Ag 
r H^- Lr{u) 



(A., 



is differentiable. The differential of is what we will denote by dL in the next few pages: 
dL[X)u = {dau)eX- By definition. 



{dau)eX = ^\au{e^^)\ = ^\L^tx{u)\ , 
dtl Jt=o at I Jt=o 



and the element {dau)eX e Ag applied to x & M is 

d 



{dL{X)u){x) = ((da„)x)(x) = ^[^e-(")a;]^^^ = ^["(e*"" 



t=o 



(A.9) 



We denote by Ag' the space of differentiable vectors of the representation L. 

If one particularises to Ag a C'^' (i?) (the manifold M being R itself) , the vector fields of R 
naturally act on Ag. In particular, if m: R —>■ <C and X eTZ we have 

(X*(«))(r) = X?{u) = ^[«(e-*^r)]^^^ = {dL{-X)u){r), 
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so that 

dL{X) = -X* (A.IO) 
holds on the space of differentiable vectors A'g'. 

Definition A. 5. 

A formal star product *g- C"^(M)[[i^]] x C"^(M) [[:/]] ^ C"^(M)[[i^]] is said to be G-covariant 

if for allX, Y eg, 

[Ax,Ay]*e =2i.{Ax,Ay} (A.U) 

where [Ax, Ay]:!,^ := Ax *g — Ay *g Ax • In other words the start product is Q-covariant when 
the expected terms of higher order in the right hand side are zero. 

A crucial use of C/-covariance will be done in proposition A. 7 in order to build a map pu that 
fulfils the following proposition (instead of dL itself). 

Proposition A. 6. 

In the setting of definition A.l, the map dL is a representation by derivation of TZ on A'g . 

Proof. We will not pay attention on the domain Ag. Its definition will come later. First, we 
prove that dL: TZ ^ End A'g is a representation. Indeed, 



dL{[X,Y])u = |(ie%(-n^,i-])"),=o = i{iLt^vi-txyLt^.i-ty)>)^^, 

= [dL{X),dL{Y)\u. 

Next, Lj^-invariance of *e yields 

{K^p-txu) *e {LLp-txv) = L*^p-tx{u *e v). 
If we derive this equality with respect to t at i = 0, we find 

dL(X)u *g V + u *g dL{X)v = dL{X){u *e v). 



(A.12) 



□ 



A. 1.2 Deformation of Iwasawa subgroups 

The motivation in deforming (or quantizing) groups resides in the method of deformation by 
group action (appendix A. 4) which states that if one can deform a group, one can write a 
formula for a deformed product on any manifold on which the group acts. 

Let first describe the next few steps in the construction of WKB quantizations of groups. Let 
G be a semisimple Lie group with its Iwasawa decomposition G = ANK . The group R = AN 
is solvable and can be seen as the homogeneous space R = G/K. We consider the canonical 
multiplicative action r : G x R ^ R which we restrict to r : R x R ^ R. We are interested in a 
i?-invariant quantization of R. Here is a summary of the notations that will be used. 

• * M is the Moyal star product on R" endowed with its canonical symplectic form, 

• *g' is the product we are searching for. It has to be defined at least on Cf {R) and should 
be extended to C^'{R), 

• A^ d Fun(i?, (D) must contain Cf {R). The purpose is {A^ , -kg ) to be an associative algebra 
and A^ to be invariant under the left regular representation of R, 



64 



APPENDIX A. DEFORMATIONS 



• Ai, = C'^ {R)[[i']] is an intermediary space which serves to guess *g and perform formal 
manipulations with p^, and dL, 

• is the pull-back of Moyal to A,y. It serves to formal manipulations in order to guess 
the twist that defines 

• *^ is the product on A^. The problem of determining that product is formal. When this 
problem is solved, we have to prove that in a well chosen A^, taking *^ *g yields a 
solution to the problem. As previously noticed, in order to make sense, one has to apply 
dL on the subspace A^- of difFerentiable vector of the regular left representation. We will 
however not take care of this issue in the formal manipulations. 

The main steps are the following: 

1. In the case of a WKB product we show in proposition A. 6 that dL is a representation of 
TZ on . Hence we will try to build a formal product for which dL is a representation by 
derivation. From this point of view, the manipulation with is only a trick designed to 
guess a product formula. 

2. We suppose that the group R — the one that we are trying to quantize — has a symplectic 
structure ui and we consider (p: R^" R, a, Darboux chart; i.e. uj = where ft is the 
canonic symplectic form on R^". 

3. We suppose that the left action of R on itself is strongly hamiltonian and we denote by Xx 
the momentum maps. We suppose that the Moyal product is ^/-covariant^. 

4. We pose Pu{X) = ^ ad^H {Xx)- The 7^-covariance of *fi is used in order to prove that 
is a representation by derivations of TZ on (Aj/, *]^/). 

5. If one can find an intertwining operator between dL and p^, (i.e. if they are equivalent 
representations), we define *^ as the pull-back of by this intertwining operator. In this 
case, we prove that dL is a representation by derivations of the product 

We try now to find a formal product *^ on A'^^ such that dL is a representation by derivations. 
For this purpose we suppose R to accept a symplectic structure uj and 0: R^" ^ i? to be a 
Darboux chart, i.e. cu = (j>*il where denotes the canonical symplectic form on R^". Then we 
bring the Moyal product of R^" to R by the usual formula 

{u v) = {uo (j) V o (/)) o (A. 13) 

We suppose that product to be CJ-covariant'': 

[Ax, Ay],R = 2iy{Xx,XY}R. (A.14) 

Now we consider the left action of R on itself and we suppose that this is an Hamiltonian action 
for the symplectic structure to = with dual momentum maps Ax : i? ^ (D. We define, for 
each X e TZ, a. linear map, Pu{X) : Ay Ay by 

Pu-.TZ^ End Ay 

1 (A.15) 



^In fact, we only need the 72.-covariance. 
^Only the 7^-covariance will be actually used. 
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Notice that the formal series of [Xx-, u]*^ begins with order one, so the division by v make sense 
in the space of formal series. The main interest of is to be as we want dL to be. So it will be 
used to guess how to twist the product in order to make dL work as p^. 

Proposition A. 7. 

The map p^, is a representation of TZ on A^, and p,y{X) is a derivation of (Ai^,*j^j) for each 
X eTZ. 

Proof. The proof that pi, is a representation is only to check that the relation [p^(X), Pi^{Y)]f = 
p^{[X, Y])f holds for any X,YeTZ and / 6 A^. Using the 5-covariance and the Jacobi identity, 

p4[X,Y])f = -Lad^n (2i/A[x,y])/ = ^ad^fl ([Ax,Ay]^« )/ 

= ^[[^X,\Y].nJ],n ^^^^^^ 
= -— rfad^fl \x o ad^n Ay — ad^n Ay o ad^n Xx )f 

4_l/2 ^ *M *M *M *M ' 

= [p.{Xlp4Y)]f. 

It remains to check that p^{X){u v) = pi,{X)u n^f;^ v + u p,j{X)v for every X e TZ. This is 
once again just a computation. 

Pi,{X)u *mV + u *m Pu{X)v = -^{Xx *mu-u *m Xx) *m v 

+ 4i {Xx 4iv-v *« Xx) (A.17) 

= ^i^d*" Ax(u*mw). 

□ 

Notice that the ^-covariance of was used to prove that p^, is a representation. Now, if we 
could show that p^, = dL, then the answer to our deformation problem would be Ag = Ikl(;' and 
= But instead of that we have py = dL + o{i') because 

pAX)u = ^[Xx,u]^H = ^2iy{Xx,u} + o{iy) =X*{u)+o{i^) 
= -dL{X)u + o{v) 

where the notion of fundamental field X* is, taken for the regular left representation (which is 
Hamiltonian) . That shows that p^ is something like a deformation of dL. As a consequence, one 
has dL{X) = X\^, or 

dLix)u = Xx^ (u) = {Xx,u} (A.19) 

(see subsection B.12.3). 

Since p^ is not dL, the hope is to see if pi, and dL should be equivalent representations. As 
next proposition shows, the fact to find an equivalence between p^ and dL actually solves the 
problem to find a product for which dL is a representation by derivation. 

Proposition A. 8. 

Let T : A^ Aj, be an intertwining operator between dL and p^ : 

rpy{X)r-^ = dL{X). (A.20) 
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If we define the star product by 

u..^v = %{T-'u4,r-\), (A.21) 

dL becomes a derivation of *^ . 

Proof. If we develop the expression of dL{X){u v), we find Tp^{X){T~^u T~^v), using 
the fact that p^, is a derivation of one easily finds dL{X)u v + u *^ dL{X)v. □ 



A. 2 Deformation of SL(2, E) 

Abstract 

This section shows in some detail an instructive example of deformation of an Iwasawa 
subgroup: the Iwasawa subgroup of SL(2, IR). In this section we will use the parametrization 
(B.22) of SL(2,ll), as well as the notations G = SL(2,]R) and G = s[(2,]R). Here are the 
main steps that will be performed: 

1. The Iwasawa component R = AN = G/K provides a double covering onto O = 
Ad{G)Z where Z is any element of IC (which is one dimensional). The adjoint orbit 
O being endowed with a canonical symplectic form described in subsection B.12.4, we 
consider on R the corresponding symplectic structure. 

2. The map {a, I) Ad{e'^^ e'^)Z turns out to be a global Darboux chart and induces 
the diffeomorphism 

R~0~-R^. 

Under these identifications, the adjoint action of i? on O becomes the simple multipli- 
cation of R in itself, which is strongly hamiltonian. 

3. The Moyal product is sl(2, ]R)-covariant for the action of SL(2,]R) on IR^. 

4. We explicitly build the intertwining operator between and dL and we write down a 
product (see proposition A. 8). 

5. A theorem is stated in which we list the properties of the so constructed product. 



A. 2.1 Actions and Symplectic structure 

Here, in contrast with the case studied in B.12.4, we are working with adjoint orbits (and not 
the coadjoint orbits) , so the subalgebra to be studied is no more O but 

O = Ad(G)Z, 

and the symplectic form is not exactly (B.90), but 

u;x{A*,B*)=B{X,[A,B]). (A.22) 

The action of G on O is g ■ X = Ad{g)X. The corresponding notion of fundamental field is given 

by 

The Iwasawa theorem B.9 claims that G/K = AN and that we have global diffeomorphism 
A®J\f AN, (a,n) ^ e"e"; ^ ^ A, « ^ e°; TV ^ TV, n ^ e". We define 7^ = A®// and the 
global diffeomorphism 

(A 23) 

aH + IE^ Ad(e''"e^^)Z. ^ ' ' 
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That map can also be seen as 



In this way, we identify A®N and as two dimensional space. 
Proposition A. 9. 

As homogeneous space, there is a double covering 

V': G/K O 

[g] ^ Ad(.g)Z. 

Proof. The map ip is well defined and injective (up to the double covering) because the 
of IC is K . The surjective condition is clear. The double covering is expressed by the 
i^ilg]) = i^iW]) if and only if g = +g' . 

The symplectic 2-form a; on O induces a symplectic form 

n = 0*w 

oiiA®Af ^ R2. 
Proposition A. 10. 

The 2-form (j)*uj is constant and its value is 

n ■= (j)*uj = -2B{F, E)da a dl = (5da a dl; 
in other words, <j) is a global Darboux chart for O. 

Proof. We have to compute 

First, we show that dip{da) = —H^- 



(A.24) 



(A.25) 

stabilizer 
fact that 
□ 



t=o dt 



Ad(e(''+*)^e'^)Z 
d 



~ "-<i>(a,l)- 

In the same way, we find d(f){di) = ( Ad(e°-'^)£')*: 

#(a,)5z = ^[Ad(e e )ZJ^^^ = -[Ad(e e e e e )Z\^^^ 

= |[Ad(e'^«e*^e-«)0(a,o]^_^ = | [ Ad(e*^'^(^"")^)0(a, Z) 

= -(Ad(e"^)i?);,,). 
Using formula (A. 22) for the symplectic form. 



^(a,i) {da, dl) = B{cj,{a, I), [-H, - Ad(e'^^)£;]) 

= S( Ad(e'^^) Ad(e'^)Z, Ad(e"^)[i7, E]) 
= 2B{Z,Ad{e-^^)E) 
= 2B{Z,E). 



(A.26) 
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Defining (3 = —2B{E, F) we write it as 

J7 = 0*w = -2B{F, E)da Adl = (ida a dl. (A.27) 

□ 

So, as symplectic manifold, {0,uj) is nothing but (IR^jda a dl), the difFeomorphism being 
(f). The symplectic structure Q induces a Poisson structure P given by equation (B.85). In the 
present case, it reads 

{n,,)=(3(^^^ J) {P)=r'(j "o^) (A.28) 

and 

{f,9} = p-\difdag-dafdig). (A.29) 

The action of G on O can be turned into an action on using the chart (j). It is done by 
defining t: G x ^ , 

r = o Ad o(/), (A.30) 

or Tg{a, I) = (f>~^ ( Ad{g)<j>{a, Z)) . The notion of fundamental field at a; = (a, I) e is thus given 

by 

dtl Jt=o dt\ 

for which we will often use the path representation 



'^■[0-i(Ad(e-*^)0(a,O)]^^^, (A.31) 



X*(i)=rHAd(e-*^)0(a,O)- 

From Ad-in variance of uj, 

T*n = T*(f)*uj = ((/)o,/)-i o Ado,/))*w = (/)*(Ad)*tj = = n. 

Thus the symplectic form is G-invariant: 

T*n = fl, (A.32) 
That implies in particular that t satisfies theorem B.19. 
Proposition A. 11. 

The action t of G on the symplectic space (R^, f2) is Hamiltonian and the dual momentum maps 
: R2 ^ R are given by (cf .B.20) 

X'x (a, I) = -B {X, (j){a, I)) (A.33) 

for each X e Q. 

Proof. We have first to check the identity i{X*)n = i{X*){<j)*uj) = d\'^. Let us apply both sides 
on the vector A*, with A e Q and x = (a, I) e R^. On the one hand 

i{X*)n^{A*) = u;^^^){d(P^X*,d(P^A*), 

but 

dc^^X: = J^[HX:{t))]^^^ = j^lAdie-'^'MaHJE)]^^^ = -X;^^,y {AM) 
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The same being true for A, 

= = B{^{x), [X,A]). 

On the other hand, 

= B (-^l Ad{e*^)(j){x)\ ,x) BisUnear (A.35) 

= B(^{sidA)(j){x),X^ 

= -B{4>(x), (adA)X) B is Ad-invariant 

= B(cf>{x),[X,A]). 

That proves that i{X*)n = d\'^. The second part of the proof is to see that condition (B.87b) 
holds. Using the fact that Xx'^ = Y* , we find 

{X'x^x'vKa.i) = -n{Xy^,Xy^) = -n^,J){x*,Y*) 

= -u;^(,,i){X*,Y*) = -B{[X,Yl^{aJ)) 

where the star refers to the action on O. Exphcit computations of Poisson bracket between A^'s 
at page 70 will confirm that result. 

□ 

We are now able to furnish explicit formulas for A^, A^ and A'^ by virtue of the latter 
proposition. The first computation is: 

X'HiaJ) = -B(i/,Ad(e'^)Z) = -S(Ad(e-'^)i7, Z) 

= -B{H + [-IE, H] + ...,Z) = -B{H, Z) + B{\-IE, H],Z) (A.36) 
= -2lBiE,F), 



so 



Second, 



Then, 



X'uiaJ) = -131. (A.37) 



X'E{a,l) = -B(Ad(e-°-^)£:,Ad(e'^)) = -e-^''BiAd(e-^^)E, Z) 

2 ' 



X'E{a,l) = -^e-^\ (A.39) 
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The last one is 



= -e'^B {Z, F-l[E,F]+^^ [E, [E, F]] + . . .) 



B{Z,F)-lB{Z,H)--BiZ, 2E) 



(A.40) 



-e2"(B(Z, F)+fB{F,E)) 



Finally, 



(A.41) 



Using formula (B.86) for the Poisson bracket, one can check that the required relations (B.87b) 
are satisfied: 



(A.42a) 
(A.42b) 
(A.42c) 



(A.43) 



{^'h' ^'e} = 2A'£; 

{A'^, A'^} = —2\'p 
{Afi, A'^} = A'^. 

This confirms the fact that our action of SL(2,]R) on AN is Hamiltonian. 
Using the global diffeomorphism (A. 23), and the map 

j: AN 

r !—>■ Ad(r)Z 

we identify 

i? - O - 

The action of B on itself induced from the adjoint action of i? on O is 

r ■ s = j^^ (r ■ j{s)) = j^^ ( Ad(rs)Z) = rs. 

It is the left multiplicative action required in definition A.l. The Lie group R is endowed with 
the symplectic form 

The notion of fundamental vector for the action of R on itself is given by 



but we know that 



then 



dtl 



-tx 



Jir)) 



dj-'X 



1 V* 



(AAA) 



-tx 



j{r) = Ad(e-*^'-)Z 



r(e-*^r) o0-i]Z, 



If r = e^-f^e'^, then r ■ 4>-^{Z) = (a, I) and 

X* = {dj-'odq^)X*^^^ 



(A.45) 



where the fundamental field of the right hand side is taken in the sense of the action of R on R^. 

The following proposition shows that the explicit form of A and A' are the same up to natural 
identifications. 
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Proposition A. 12. 

The left multiplicative action of R on itself is Hamiltonian and the dual momentum maps are 
given by Xx : i? ^ (D, 

Xx=X'x°(l>~^°J- (A.46) 

for each X e TZ. 

Proof. Once again, the proof is just a verification of the two properties of a momentum map. 
The first one is 

= (A^ o d(t)-^ o dj)Y = dXxY. 
For the second condition, we consider r = e"^^ e^^ and 



(A.48) 



□ 



{Ax, Ay}(r) = x:{Xy) = {dr'd<t>X*^ ,^){X'yo<j>-^ o j) 
= ^(a.o(^i') = 

while 

= >^[x,Y] ° °iW = ^[x,y](«'0- 
A. 2. 2 Guessing the star product 

The Moyal star product is invariant under the action of J^? on itself L^y = x + y m the sense 
that if we pose {L*f ){x) = f{x + y) it is clear that 

{Llf *M Ltg){x) = exp [^P''{dy. a 5,.)] /(y + s)g{z + s)\y=,=, 

= Ltif *M g){x). 

We are however not interested by that action on R^. The action which we look at is the one of 
SL(2,i?). 

Proposition A. 13. 

The product *a/ is 51(2,^,) -invariant at order and 1. 

Proof. The invariance at order zero is given with some concise notations by 

{9u){gv){x) = u{gx)v{gx) = {uv){gx), 

The action Tg of an element g e G satisfies r*il = il (equation (A. 32)), so theorem B.19 gives 
{uo Tg,v o Tg} = {u, v} oTg. Slucc Poisson bracket is the first term of the Moyal product, at first 
order 

Tg{u *M V) = T*U *M T*V. 

□ 

Proposition A. 14. 

The product *m is sl{2.,]R.)-covariant for the homomorphism given by proposition A. 11 or equiv- 
alently by equations (A. 37), (A. 39), and (A. 41). 
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Proof. The Moyal star product can be written as 



u *M V = ^ —Pk{u,v) 

with Pk{u,v) = n^"^ djudjv where / and J are summed over fc-uple of and 1, including a sum 
over k itself = a, =0- For a given /, there is only one J such that fl^"^ # 0. There are (^) 
multi-indices / providing the term di = 5™ 5" with n + m = k. For each of them, ft^"^ = (— 1)". 
Therefore 

Pk{u,v)= |] (A.50) 

m=0 

For example, 

Pi(u,v) = —diudov + dgudiv = {u,v}. 

If k is even, the expression (A.50) is symmetric with respect of u and v, so that these terms will 
not contribute in the computation of the commutators [u, w]*Af • We are left with 

'-^ 2k + l 

First we compute [A^,u]*j,f: 

P2fc+i(A^,M) = Skoi-diX'^dou + doX'^diu) =4o{A',u}, (A. 52) 

thus 

[Aff,u]*M = 2i.Pi(A^,u) = 2iy{X'H,u} = 2iyf3dau. (A.53) 
By the way, we point out the relation 

ad*„ A'^ = 2vPda- 
Now, we turn our attention to the commutator [A^,u]*„: 

^2k + 1\ f2k + 1' 



(A.54) 



thus 

[A's, m]*,, = 2 2 " /32^'e-^°gf''+^ = /3e-2- s\n\i{2vdi)u, (A.55) 
fc=0 ^ ^' 

so that 

ad*,, A'^; = /3e-2°sinh(2i^5/). 

Last we check [A'^;, A^]m.j,,j = 2i^{A^, A'^}. When u = 0, the only non vanishing term in the sum 
(A.55) is fc = 0. Since d^X'p = 0, 

[X'EA'rhM =2i^f3e-'''diX'p, 

but 

2:^{X'e, X'f} = 2iyidaX'EdiX'p - diX'EdaX'p) = 2i,(ie-'"' diX'p. (A.56) 

□ 



A.2. DEFORMATION OF SL(2, R) 



73 



Before to go on, let us compute the operator ad^j,,^ in order to complete our collection. 
We take once again the formula (A. 50), with X'p and u: 

+ l /2i--|-l\ 

P2k+iix'F,u) = - j]i-^r( ^ jdTdrx'pdyrn. (A.57) 

m— ^ ^ 

It is clear that A'^ can be derived only two times with respect of I and as much as we want with 
respect of a. Then possible n are n = 0, 1, 2, whose corresponding m are 2k — 1, 2k, and 2k + 1. 
Some computations lead to 

P2k + l{^'F,u) = -k{2k + l)/322'=-le2a^2^2fe-l^ 

+ {2k + l)(32^''ldadfu (A.58) 

-/322'=(l+Z2)e2a^2fe + l^^ 

Replacing into the series (A. 51), we find 

f ,.2k + l n2k + l 

/^I](^^2--(l + n.-4 

+ 2/3j/e2"5aOCOsh(2z^5;) 
- [3e^''{l + f)sm\i{2vdi). 

Finally, 

ad*^, A^ = -J^^^e^'^^^ osinh(2z.5/) 

+ 2vl3e^''lda o cosh(2i/50 (A.59) 
-e^''{l+f)six\h{2vdi). 

Corollary A. 15. 

The star product on R defined for u,v e C ^'{R) by 

{u*'^jv){r) = (moT-1 *Mf oT-i)T(r) (A.60) 
where T = (j>~^ o j is covariant for the functions A of proposition A. 12. 

Remark that from general theory of star products, the so-defined *r is a formal star product 
on R. 

Proof. From definition of *^^, on the one hand 

{\x *ff Ay)(r) -X^Y = {X'x *M \'Y)T{r) -X^Y = 2i,{\'x, A^}K2r(r), 
while on the other hand, cj^ = T*il, so that 

{A^, Ay}]R2 oT = {A^ or, Ay oT]r = {Ax, Ay}_R. 

□ 
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All that makes the theory developed earlier, and in particular proposition A. 8, valid here. So 
we pose 

1 (A.61) 

using the explicit expressions of ad^Af (A^), we find 

pAH) = Pda, pAE) = ^e-^" smh{2vdi). (A.62) 

Using (A. 19) with = —fil, it is clear that dL{H) = —f3{l,u} = (3daU. Therefore 

pAH) = dL{H), (A.63) 

but the requested identity Pu{E) = dL{E) will not hold. The problem is that dL{X) = is 
a vector field, while Pu{E) comes with (infinitely) multiple derivatives, hence this is not a vector 
field. Conclusion: the operator T of equation (A. 20) must not act on the variable a. 
First we consider a partial Fourier transform T: 

{Tu){a,a) = u{a,a) := ^= \ e-"^^u{a,l)dl, (A.64) 

the inverse being given by 

{T-^u){a,l) = {e'^°'u{a,a)da. (A.65) 

It is clear that J- pu{H)T^^ = py{H), but Tp^{E)T^^ = ^e^^° sinh(2it^Q;). Indeed, if we define 
v(a,a) = sinh(2ii^Q;)u(a, a), 

ipAE)J'-^u)ia,l) = ^e-^" ^smh{2iy 8i) (" e*'"u(a, a)da 
2j^ v27r J 

= ^6-2'^^ I e'^°'smh{2iai')u{a,a)da (A.66) 

This is nothing but the fact that the Fourier transform turns a derivation into a multiplication. 

As can be seen on an asymptotic development, the deformation v parameter is necessarily 
purely imaginary, then we can here pose v = i9 with 6 R, so that 

TpAE)T-^ = |^e-2°sinh(2a6l). (A.67) 

Using (A. 19), we find 

dL{E) = I3e-'^''di. (A.68) 

Comparing it with the expression of Tp^{E)T^^ , we see that (up to constant factor) we have 
to act in such a way that sinh(2Q!0) is converted into a derivation. This is done by a Fourier 
transform. We pose ^ = sinh(26'Q!) and 



/(a 



^) = ^je^iPf(a,p)dp. 
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As usual, 

KJ = -iff. 

This suggests us to consider the change of variable 

(/)e(a,a) = (a, ^ sinh(20a)), 

and finally, 

Te := 04,1 oT, (A.69) 

where cfi^ is defined by {<l)gu){a,a.) = u{a, ^sinh(20a)). The result of our construction is the 
following which proves that we are in the situation of proposition A. 8. 

Theorem A. 16. 

Te o p„{E) o = /?e-2»5, = dL{E). 

Proof. Notice that {(f>gTu){a,a) = ?i(a, sinh(2f?Q!)), and then define v{a,a) = u(a, sinh(26'Q!)); 
equation (A. 67) is 

{Tp^{E)T-^v){a,a) = ^e'^" smh{29a)v{a, a). 

Applying on the right hand side, we find ^e~'^'^29au{a,a). This allows us to compute 

iTgp^{E)Tg-^)uia,l) = /3ie-2°jc-i(au)(a,0 

= /3ie-2°^ (u{a,a){-i)die'^°'da 
v27r J 

= Pe-^''{diu){a,l). 

□ 

A. 2. 3 Formula for the product 

The fact the Tg intertwines and dL makes that the candidate to be a product on the AN of 
SL(2,]R) can be computed using formula (A. 21). Computations are rather long and done in the 
articles [ ] and [ ] (see particularly point 4), so we will not give them here. We will also not 
precise the functional space of convergence for the resulting product. 
In the parametrization 

e-°, 



of i? = AN the form da a d/ is a left-invariant measure, so the integral of the function / : i? ^ R 
on R is given by 

idl. 



\ I= \ f{a,l)dac 

JR JR2 



Remark that dadl is the Liouville measure by proposition A. 10. It is important for definition 
A.l. 

We consider a subset A cz Fun(i?), and we define the product *^ on A by 



{a*'^tb){ao,lo)= f K^{{cio,lQ),{ai,li), {02,12)) 

JRxR 



Jrxr (A.70) 
a(ai, li)b{a2, 12)daidlida2dl2- 
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where 
with 

■^^(50,51,52) = cosh(ai - 02) (A.71a) 
0,1,2 

5^(50,51,52) = sinh(2(ao -ai))Z2. (A.71b) 
0,1,2 

Here, the symbol @q ^ ^ stands for a cychc sum over the indices 0, 1, 2. 
Remark on (formal) star product 

One can find a definition of an asymptotic development for oscillating integrals in [ " ] under the 
form 

It can be shown that such a development used on (A. 70) gives rise of a formal star product: 

(a b){g) ^ a{g)b{g) + ^{a, b}{g) + o{9^). (A.72) 

A. 3 Extension lemma 

Let (Si, r2i)i^i_2 be symplectic Lie algebras and {Si,uji) the respective Lie groups with left- 
invariant symplectic forms: (ti^i)g = {Lg)*rii. We suppose to know a homomorphism p: Si 
Der(B2) n Bp{Q.2) and a Darboux chart 0^ : Si for each of the two symplectic Lie groups. 

Our first purpose is to build a Darboux chart on the split extension 

5 ■■= Si ®pS2- 

Remark A. 17. Most of the time we are in the inverse situation: we have an algebra s which turn 
out to be a split extension Si ®adS2 for which we have to check that ad(si) is a symplectic action 
of Si on (S2,ri2)- See the example of section 3.2. 

Proposition A. 18. 

In this setting, the map 4>: 5 —>■ S, 

^(XuX2) = MX2)MXi) (A.73) 

is a Darboux chart. 

Proof. An element X e T^-i(^g-^{si ©22) = Si ®S2 is denoted by AT = (Ai, A2) with Xi e Si, and 
the symplectic form on Si ® B2 is given by 

n{{AuA2),(BuB2)) =ni(Ai,Bi)+n2(A2,B2) (A.74) 

where we identify Si and T^Si. Let A and B belongs to r0-i(g)(si ©02). We have to show that 
the quantity 

( (d0)0-i(g)A, (d0)0-i(g)S ) 

^ . ^ (A.75) 

= Ue((dLg-i)g{d(t>)^-i(g)A, {dLg-i)g{d4>)^-Hg)Bj 
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does not depend on g. 

The vector A is represented by a path A(t) = {Ai{t), A2{t)) with Ai{t) e Si. In order to 
characterise that path, we want first to know precisely what is Ai{0). Since A e T^-i^^^s, the 
path must fulfil 0(^i(O), ^2(0)) = 5, or 

02(^2(O))0i(Ai(O)) =5. (A.76) 

We denote Ai{0) = d e Si and (j)i{Gi) = gi. The relation between gi and g2 is 5251 = 9- In 
particular, it is wrong to say "Ai(0) = 4>~^{g), thus (/)i(^i(0)) = g". This point being clear, 

= j\HA{t))\^^ = ^[^^iMt))MMt))\^^- (A.77) 
If one particularises to the case ^ e S2, that is Ai{t) = est = Gi, 

{dq^)^-Hg)A = {dRg,)g^{d^2)G^A2. (A.78) 

Since g = 5152, we have Lg-i = L^-i o L^-i, and the first argument of ojg in equation (A. 75) 

is 

(dLg-l )gi )g^g, (dRg, ) (^02)02^2- 

If we write that in terms of the derivative of the path A2 (t) , what we get in the derivative is 

g^'g2'MMt))9i = Ad^-i (^g^'MMt)))- (A.79) 

Since g2^(j)(^A2{0)) = 52^^02(^2) = e, the derivative of that term is 

{dLg-i)g{dc^)^-i(^g)A = Adg-1 (^{dLg-i)g,{d(f>2)G2A) (A.80) 

with some abuse between A e s and A2 e S2. Doing the same computation with B e Si (so that 
B2{t) = est = 02), we find 

= J^[92MBlit))]^^^ = idLg,)g,id(bl)G^B,, (A.8I) 

and what appears in reads 

{dLg-r)g{dLg,)g,{d(l>,)G,B = {dL ^-^) g, {d<P ,) G , B . (A.82) 

Finally, for A e S2 and B e Si, 

^gi{d(p)4,-^g)A {d4,)^-i(g)B) 

(A.83) 



We(Ad^-l [{dLg-l)g,{d<i>2)G^Al{dLg-l)g,{dc^i)G,By 



The first argument belongs to T52 (because 52 G S2) while the second belongs to Tsi. Hence 
definition (A. 74) makes the right hand side vanishing. 
If we want to compute equation (A.83) with A, B e S2, 

^e(Adg-l [{dL^-.)g,{d^2)G.AlAd^-. [{dL^-.)g,{d4>2)G.B]) 

= "(•■•) = ^UJ+"2(...) ^^34) 

=0 

= (Ad*_, Q2) [{dL^-^)g,{d<j,2)G,A, ...b) 
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At this point, notice that Ad*^ = ^2- Indeed the exponential exp: Si Si being surjective 
, there exists a ATi e Si such that Ad(gii) = e^^('^i). Now, ad(Xi) e sp{il2) by assumption, so 
that Ad(gi) e SP(r22)- The previous expression becomes 

n2{{dLg-^)g,(dc|)2)G,A, ...B) = {U02)g, ((d<^2)s.^, ■ ■ ■ B) 

= {r2^2)GM.B) (A.85) 
= ^2{A,B). 

The last line is the fact that (i>2 is a Darboux chart: 4)2^2 = ^2- The case with A, B e Si yields 
to compute 

We {(dLg-i )g, (d<^i )gi A., {dLg-1 )g, (d4i)G, b) . 
It is done by the same way as the previous cases. □ 

A direct computation shows the following extension lemma. 
Lemma A. 19 (Extension lemma). 

Let Ki 6 Fun{Sf) be a left-invariant three point kernel on Si (i = 1,2). Assume that K2 ® 1 G 
Fun(yS^) is invariant under conjugation by elements of Si. Then K := Ki ® A'2 G Fun(S^) is 
left-invariant (under S). 

Proof. An element of S has the form .9132 with gi e Si, the multiplication being given by 
(5i52)(aii2) = {<?iai) (17202 )• Using this rule, the definition of the tensor product, and the 
left-invariance of both Ki, 

{Lg^g,_ {Ki ® K2)) (ai02, 6162, C1C2) 

= {Ki®K2){{,gig2){aia2), (ffiS2)(&i62), (51, 52)(ciC2)) 
= ATi (gi ai , 31 5i , gi ci ) Ar2 (ff2 02 , ff2&2 , 5'2C2 ) 
= Ki{ai,bi,ci)K2{a2,b2,C2) 
= {Ki0K2){aia2,bib2,ciC2). 

□ 

This lemma shows that if one has kernels on Si and S2 satisfying the above hypotheses, 
their tensor product provides a kernel for an associative left-invariant kernel on S" = S*! (x)p S'2. 
Proposition A. 18 allows us to hope that the product on S will satisfy the same kind of symplectic 
compatibility as the products on Si; in particular when the latter were constructed using Darboux 
chart in the same way as the product described in section A. 2. 

A. 4 Deformation by group action 

The procedure of deformation by group action is described in ['"']. Let G be a Lie group. We 
suppose to know a subset A^ of Fun(G, (D) such that 

1. A^ is invariant under the left regular representation of G on itself, 

2. A'^ is provided with a G-invariant product such that {A^, *'^) is an associative algebra. 
The G-invariance means that Va, b e A'-', 

{L;a) (L*6) = L*(a*«6). 
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Notice that we do not impose any regularity condition on this product. The reason is that 
the deformation by group action is a formal procedure which allows to guess a product on a 
manifold. The "true" work to prove convergences and invariances has to be done on the level of 
the deformed manifold. 

Now, let X be a manifold endowed with a right action t: G x X ^ X oi G. For u 6 Fun(X), 
X € X and g e G, wc consider q;^(u) e Fun(G) and ctg{u) e Fun(X) defined by 

a''{u){g) = agiu){x) = u(rj,-i (a:)), (A.86) 

and the following functional space on X: 

A^ = {ue Fun(X)|a"=(u) eA^^xe X}. 

For example, the A'^ corresponding to A"-^ = Fun(G) is the whole Fun(X). For u, v e A-^ , we 
define *^ : A^ x A^ ^ Fuii(X) 

(u *^ v) (x) = (a^ (u) *^ (v)) (e) (A.87) 

where e is the identity of G. 
Theorem A. 20. 

The product (A.87) obtained by action of the group G on the manifold X fulfils the following 
properties: 

1. The operation intertwines the products and *'~^ : 

a^u *^ v) = {a'u) *^ (a^w). 

2. A^ is stable under , 

3. {A^ ,*-^) is an associative algebra. 

Proof. First remark that a^s-^'^^^u = L*a^u because 

ia^.--(^\)(h) = u{T^g^y^ix)) = (a-u)(gh) = {L;a^u){h), 

It follows that 

a^{u*^v)ig) = (u*^ v)(Tg-i{x)) = (a's-^^^'u*^ a'^-^ )(e) 
= ★'^ a^f)] (e) = (a^M 



(A. 



The first point is proved. 

Using the first point, we see that a'n-^'^^^u belongs to A'~^ because a^u e G'~^ and A^ is stable 
under Lg. So we have the second point. For the third one, 

[(u *^v)*^w]ix) = (a" (u*^v) *^ a" (w)) (e) 

= {{a'^u*^ a^w) *^a^(u;))(e). 

The conclusion follows from associativity of □ 

Let us summarize what was done up to now. When G acts on X, and when we have a "good" 
product on A'^ a Fun(G), we are able to build an associative product on A^ c Fun(X). The 
space A-^ is defined by A and the action. So a deformation of a group gives rise to a deformation 
of any manifold on which the group acts. This is why we call it an "universal" deformation. 
That universal construction is the motivation to deform groups. 
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Lemma A. 21. 

A function u belongs to A^ if and only if there exists one y such that a^(M) 6 A"-^ in each g-orbit 
in X. 

Proof. The necessary condition is direct because, when u e A^ , the function a^{u) belongs to A'^ 
for every x. For the sufficient condition, suppose a^(u) 6 A*^, then a^'y{u) = L*_^{ayu) e A^ 

for all g because A*^ is left-invariant. If it holds for a y in each G-orbit, then a^u e A'^ for all 

X€X. □ 

The content of this lemma is that if one wants to check if a given function u belongs to A-^ , 
one only has to check is a^u e A^ for one y in each G-orbit. 

The functions a^{u) are not "gentle" functions, even when u is. Let us give two examples 
of pathology that can occur in a^{u) without to be present in u. Firstly, if the action is the 
identity, the support of a^{u) is the whole G which can be non compact. So, even when u is 
compactly supported, there are no guarantee with respect to the support of a^{u). 

Secondly, the function a^{u) is of course bounded; but the derivatives are not specially such. 
Indeed, in order to fix ideas, suppose that the group G is a two parameter group and that the 
manifold X is a two dimensional manifold. In this case, one can write 

/(a, I) = a^(u)(a, I) = u{zi{a, I), Z2(a, I)) (A.89) 

where a; is a parameter in the functions Zi. Depending on the action, the function z can be very 
odd. In particular, the derivatives 

{daf){a,l) = {diu){zi, Z2){daZl){aJ) + {d2u){zi, Z2){daZ2)ia,l) 

in which daZi can be divergent. Even worse, the degree of the divergence can increase with the 
degree of the derivation. Two examples of such a hill behaviour are given in section 3.1. 



A. 5 One dimensional split extensions of Heisenberg alge- 
bras 

A. 5.1 Introduction 

The one dimensional extensions of Heisenberg algebras are classified by triples (X,/i,d). The 
quantization in the case (id, 0, /i) reveals to be a particular case of the one studied in [ ], while 
quantization of other extensions can be found using symmetries of the kernel. Here we are 
reporting results of [ ] and most of proofs (in particular the trick of subsection A. 5. 6 which 
allows to extend the known product to every one dimensional split extensions) are due to Y. 
Voglaire. It is to be published in his future PhD thesis. 

The kernel of the quantization of [ ] will be denoted by K. Then we will give a way to 
twist K in order to obtain a kernel K' on any extension of the form (X,0, 2). Quantizations 
of other extensions can be obtained by composing with Lie group isomorphisms. The kernel 
for an arbitrary extension is denoted by ii'o(X, /x, d), or simply Kq when there are no possible 
ambiguity. 

When we will deal with the anti de Sitter situation, our starting point will be this Kq that 
we will have to adapt to another symplectic form that SE* invoking lemma A. 29. 
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A. 5. 2 General definitions 

Let Jifn = V ®M.E be the Heisenberg algebra of dimension 2n + l, with a natural symplectic 
structure defined from the Heisenberg algebra structure: 

[v, w] = ri(w, w)E 

for all V, w e V. Now we consider a one dimensional algebra A = TRA generated by an element 
A, and we build the split extension of J/fn by A: 

^{p) = A®p,^n (A.90) 

where the split homomorphism is an action by derivation p: A ^ Der(.Jifn). The so obtained 
algebra is what we call a one dimensional extension of Heisenberg algebra. Let us study 
the possibilities for p{A). From linearity, its general form is 

piA)iv, z) = piA)iv, 0) + p{A){0, z) = (Xv, piv)) + (zvo, 2dz) 

with X 6 End(y), p €V*, €V and d e R. Since RE^ = [J^^, J^], the fact that p{A) is a 
derivation of J^n , implies that = because 

p{A)^E = p(A)[^„, ^4] = jr„] + [^„, p(^)^„] c ^E. (A.91) 

Thus we have 

p{A){v, z) = (Xw, p{v) + 2dz). (A.92) 
From commutation relations in j?^, we easily find 

[{v,z),{v',z')\ = [v,v']=n{v,v')E. 

Applying p{A) to this equality, and using the fact that this is a derivation, we find 

f7(X, v')E + n{v, X')E = piA)niv, v')E = 2dn{v, v')E 

which can be rewritten as 

n{{X-dl)v,v') +n{v,{X-dl)v') =0. (A.93) 

In conclusion, the endomorphism p{A) is given by a triple (X, p, 2d) with (X — d 1) e sp{V, il), 
p 6 V* and d 6 R. Using this result, we write the general commutator on 7?. = @p J^n under 
the form 

[(a, V, z), (a', v', z')] = (O, X{av' - a'v), p{av' - a'v) + 2d{az' - a' z) + n{v, v')) {AM) 
where we adopted the notation 

{a,v,z) = aA + v + zE. (A. 95) 

A. 5. 3 Symplectic structure 

The following proposition gives a symplectic structure on J-'. 

Proposition A. 22. 

The algebra (X, p, d) endowed with 

= -SE* = E* {[.,.]) (A.96) 

where the star denotes the Chevalley cocycle defined by (B.91) is symplectic if and only if d ^ Q. 
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Proof. It is evident that fJ'^ is closed because it is exact. For non-degeneracy, we compute 

= E*[.,.]= afi{v') - a'fi{v) + 2d{az' - a'z) + n{v, v') 
2d^ 

n 

-2d 

whose determinant is det O'^ = —Ad^ det f2 which is non vanishing if and only if d ^ 0. 

□ 

This symplectic algebra is denoted by J-^(X., fi, d), or simply J- when there are no possible 
confusions. 

Since we are only interested in symplectic algebras, we suppose d ^ and we look at exten- 
sions of type (dX, d/i, 2d) with X — dl e sp{V, il). The bracket is given by 

[{a,v,z),{a',v',z')] = {0,dX{a'v - a'v),dn{av' - a'v) + 2d{az' - a'z) + n{v,v')). (A.97) 
A. 5. 4 Isomorphisms 

The extension obtained by the derivation D = (X,/i,d) is a priori not the same as the one 
obtained by D' = (X', /i', d'). Two extensions are isomorphic when there exists a linear bijection 
dL : J^D' such that'' 

dL([X,r]i5') = [dL(X),di(F)]^, (A.98a) 
(dLf?P' = n^. (A.98b) 

We find the following isomorphisms: 
• J^(dX, d/x, 2d) ^ ^(X, /i, d) by 

dL{a,v, z) = {da,v, z), (A. 99a) 

. ^(X,^,2) ^^(X,0,2)by 

dL(a,v, z) = (a,v + au, z), (A. 99b) 
where u is the vector of V satisfying i{u)fl = fi, 

. ^(X,0,2) ^^(X',0,2)by 

dL{a, V, z) = (a, M{v), z) (A.99c) 
where M e SP{V, fl) fulfills AIXM'^ = X' or, equivalently, 

M(X - l)M-i = X' - 1. 

The third isomorphism only gives the equivalence between X — 1 and X' — 1 when they belongs 
to the same orbit of the adjoint action of SP(y, SI). In particular, there are no isomorphisms 
between the identity and anything else. 



^the reason why we write dL instead of L comes from tlie fact that we will be interested in the corresponding 
group isomorphism later. 
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A. 5. 5 Reminder about a previous deformation 

Before going on with the construction of a deformation of one dimensional spHt extensions of 
Heisenberg algebras, we have to recall a result on deformation in SU(l,rt). The product on the 
extension of Heisenberg algebra will be nothing else than a transport of this one. 

The article [ ' "] provides a formal universal deformation formula for the actions of the Iwasawa 
component Rq := AqNo of SU(l,n) under an oscillatory integral form. It turns out (see [27]) 
that this deformation formula is in fact non- formal for proper actions on topological spaces. 

Here is the precise result. The Iwasawa decomposition of SU(l,n) induces the identification 
Ro = SU(1, n)/C/(n). The group Rq is endowed with a (family of) left-invariant symplectic 
structure (s)^ uj. If we denote by TZq = Aa ®Afo the Lie algebra of Rq, the map 

° \ , , , (A.lOO) 
(a, n) exp(a) exp(nj 

reveals to be a global Darboux chart for (Ro,Ci'). The nilpotent component appears to accept a 
decomposition JVq = V x WiZ in which the Lie bracket reads 

[{x, z) , {x', z')] = nv{x, x') Z; 

the full Iwasawa component is now parametrized by TZq = {(o-t^tz) \ ,a,z e M,;x 6 V}. The 
interest of this situation resides in the fact that the algebra TZq turns out to be a one dimensional 
split extension of an Heisenberg algebra; namely, 

7^o = J^(l,0,2). 

The deformation result is the following. 
Theorem A.23. 

For every non-zero 9 e TR, there exists a Frechet function space S'g satisfying the inclusions 
C^''- (Ro) c (fg c C^^'(Ro), such that, defining for all u,v e C^f (Rq) 



(u *0 v){ao, xo, zo) := mLro I cosh(2(ai - 03)) 

f' JRoxRo 



[cosh(a2 — flo) cosh(ao — ai 
/2i 



"idim Ro — 2 



(A.lOl) 



X exp (^-^<p(ri,r2,r3)^ 
X u(ai, Xi, zi) f (02, X2, Z2) da dx dz; 

where 

ip{ri,r2,r^) =S'y(cosh(ai - a2)a;o, cosh(a2 - ao)a;i, cosh(aQ - 01)2:2) 

- sinh(2(ao - ai))z2 
0,1,2 

with Sv{xq,xi,X2) := 0.v{xq,xi) + Q.v{xi,X2) + ily(a;2,xo) is the phase for the Weyl product 
on C^' {V) and @g ^ ^ stands for cyclic summation, one has: 

1. u *g V is smooth and the map C''^''(Ro) x C''^ (Rq) —>■ C"^ (Ro) extends to an associative 
product on (ag. The pair {S'g, *e) is a (pre-C* ) Frechet algebra. 



^This is done using the hermitian symmetric structure, cf proposition 1.1 in [23]. 
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2. In coordinates (a, x, z) the group multiplication law reads 

L{a,x,z){a',x', z') = + a' ^e^'^'x + x'.e^'^"' z + z' + ]^Vtv{x,x')e^'^'^ . 

The phase and amplitude occurring in formula (A. 101) are both invariant under the left 
action L : Rq x Rq ^ Rq • 

3. Formula (A. 101) admits a formal asymptotic expansion of the form: 

Q 

u*o V uv + — {m, v} + 0(6^); 
2i 

where { , } denotes the symplectic Poisson bracket on C^^- (Rq) associated with ui. The full 
series yields an associative formal star product on {Y{.o^lo) denoted by *g. 



The setting and 1. and 2. may be found in [ ], while 3. is a straightforward adaptation to 
Roof[ ]. 

This theorem among with the isomorphisms given in A. 5. 4 only provide a product on exten- 
sions of type {dl,0,2d). But we saw that the extensions (X.,0,2d) with X 7^ 1 are different. 
Hence the generalization of this result to other extensions is not straightforward. We address 
now this question. 



A. 5. 6 Extensions with non trivial X 

The group i^(l,0,2) is provided with a kernel K: FxFxF^iC by theorem A. 23. The 
symplectic group SP(V^, ft) acts on F by 

$: SP(y,17) X F ^F ^ ^ 

(A 102) 

{M,I{a,v,z))^^M{I{a,v,z)):=I{a,M{v),z) 



where 



I: T ^F 

(a, n) ^ e"^e" 



(A.103) 



is the Iwasawa coordinate on F . 
Proposition A. 24. 

The kernel K is invariant under this action: ^%iK = K . 

Proof. We are looking on the kernel in expression (A. 101). The amplitude of K, i.e. all what 
lies outside the exponential, and the cyclic sum in the phase only depend on the a^'s. So $m 
does not act on them. As far as Sq is concerned, up to coefficients which only depend on the 

Oi's, it is a sum of elements of the form il{Mvi, Mvj) = n{vi,Vj). □ 

Let X be a matrix such that X = X - 1 e 5p(V, n)jmd T' = J^'(X, 0, 2). We consider S, the 
one dimensional subalgebra of sp(y, 17) generated by X and we define 

Q=S®pT (A. 104) 

with 

p(X)(a,«,z) = (0,Xi;,0). 
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We denote by G and S the corresponding groups. We have in particular F ~ G/S. An element 
of Q has the form 

{k'K.,a,v, z) = klL + aA + V + zE. (A. 105) 

Proposition A. 25. 

The group F' is a subgroup of G. 

Proof. We will prove that is isomorphic to a subalgebra of Q, namely, the subalgebra £ cz 

C = + X) @„ {V + RS) 

where a is the splitting homomorphism (A. 92) of J- , which in the present case reads a{A + 
X)(0, z) = (0, Xv, 2z). In other words, the algebra C is made of elements of the form (A. 105) 
with k = a. The isomorphism is 



a{A + X.) + V + zE ^ aA + V + zE. 
Indeed, using formula (A. 97) with d = \ and = 0, we find 

(a{A + 'X) + v + zE), (j)(a'{A + X) + + z'E) 



(A. 106) 



(X,0,2) 

[aA + v + zE, a' A, v' + z'E] 
X{av' - a'v) + {2{az' - a'z) + n{v, v'))E 
(l){X{av' - a'v), 2(az' - a'z + n(v, v'))) 
(l)[a{A + X)+v + zE,a'{A + X)+v' + z'E]. 



□ 



From now on, we identify J-' with C by the isomorphism (jj which will no longer be explicitly 
written. Image of F' in G by the isomorphism are elements of the form 

Since the elements and e-'^ commute in G, we can decompose an element (j)~^{g') as 

The element a{A + X) + u + zE seen in S @p J- will be denoted by (a, z) as well 

{a,v,z) = (l)^'^{aA + v + zE). 
We consider the following coordinate on F': 

J ■ j:' ^ p' 

sr. ^ (A.107) 

(a, ti, zj H^- e ^ 'e 

Proposition A. 26. 

The group F' is diffeomorphic to the homogeneous space F ~ G/S . 
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Proof. We will prove that F' acts simply transitively on G/S. Let us look at 

g' = Jia,v,z) =e^^^^^;^. (A.108) 

9s 9'f 

Noticing that [e] = [e"-'^] = [e] we find 

g'[e] = e°*e''^e"+^-^e-°^e''^[e] = Ad(e"^) (e''^e''+^-^) [e]. 

In g = S ®pT, by definition of p, we have Ad(e''^) (e''^e^+^-^) = e°^e^°''''+^-^, thus g'[e] = 
^aA^e"^ v+zE^^-^ ^ [/(o, c'^-^w, z)] . So, in Order to get the element [I(a,v,z)] e G/S, we have to 
act on [e] with the element g' = J{a, e~"'-^v, z). All that proves that the map 

H : F' G/S 

ia,v,z) ^ [/(a,e"^i',z)] 

is a diffeomorphism. □ 

The work done up to now provides a diffeomorphism 

ip: F' ^F 

(p{j{a, V, z)) = I{a, e^-^v, z) 

which has suitable properties listed in the proposition below. 



(A.109) 



(A.llO) 



Proposition A. 27. 

This map ip: F' —>■ F has the following properties: 

1. if g' = J(a,v,z) = g'gg'p in the sense of decomposition (A.108), 

ipoLg, = Ad{g's) oLg,^oip = $^„x oLg,^oLp = o Lg,^ o v5, (A.IU) 

2. the differential fulfils 

d{f ° J)(o.o,o) = dI(o,ofi), (A.112) 

3. if uj is the left-invariant symplectic form on F and lu' the one on F' , we have 

(p*UJ = Lo', 

in other words, ip is a symplectomorphism. 

Proof. The first point is a computation: 

v{Lg,^g,^{gsgE)) = ip(g'sgs-^d{g-^)(g'p)gF) 

= Ad{g'sgs){Ad{gs')ig'F)gF) 
= Ad{g's){g'pAd{gs){gF)) 

When g' = g'gg'p = J (a, v, z), we have g'g = exp(aX) and g'p = I (a, v, z), so the result is given 

by 

Ad(g's)(g'p) = e^^^-'^hia, v, z) = I{a, e^^^v, z) = $,.x/(a, v, z). 
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That concludes the proof of the first point. For the second statement, we have (ip o J)(o, v, z) = 
$eax/(a, V, z), so 

(A.113) 



^[l{tYa,e'^'^^tY,,tY,) 



— dI(o,o,o) (Ya ,Yy,Yz). 

For the third point, we denote by e and e' the neutral of F and F' . On the one hand, 

on the other hand, cu'g, = oj'^, o di^L (^gi^-i) gi . Hence, in order to have Lp*bj = uj', it is necessary 
that 

Wg, O dJ(o,o,0) = t^e ° d{L^(^g,yl O if O Lg,)^, O dJ(o,o,o)- 

But, for g' = g'gg'p, we have 

L^(g')-i o(po Lg,{g) = (p{g')~'^ip{g'g) 

= ^{g')-' Adig's){g'Mg)) 

= Ad {{g'j,)-')Ad{g's){g'Mg)) 

= (Ad(g^)o^)(5). 

The first property yields 

d{L^(g,)-i oifio J) (0 0) = Ad(55) ° dl(a,0fi) = d{^^ayc)e o d/(o,o,o)- 

Since is invariant under ^e^^i it remains to be proved that w^, oc?J(o.o,o) = "^e °c'-^(o.o,o)- This 
is true because, in these coordinates, both sides applied on vectors (Yq, 1^, Y^) and {Za, Z^, Z^) 
give 

2{YaZ,-ZaY,)+n{Y,,Z,), 

so </3 is a symplectomorphism. 

□ 

Now, if K is the kernel on F, we define the kernel on F' by 

K': F' xF' xF' ^<C 

(A.114) 

K' = Lp*K. ^ ' 

Theorem A. 28. 

The kernel K' is 

• left-invariant under F' , 

• associative on F' . 

Proof. For left-invariance, let g' = J(a,v,z). We have 

L*K' = ((poL^(,,„,,))*i^ = (ci>,„x oL,^ o^)*i^ = ^*L*^<f%.K = K', 

because of left-invariance of K under F and its invariance under (f>. Associativity can be checked 
in much the same way as in lemma A. 2. □ 
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Let F = F{1, 0, 2) and F' = F'{X, 0, 2). By proposition A.24, the kernel K on F is invariant 
under SP{V, fl), i.e. '^IjK = K for all M e SP(y, Vl). The action of SP{1/, VL) on F is given by 

$A/(/(a,i;,z)) = I{a,Mv,z). 

Define the map 4>'j^,f : F' ^ F' , 

$M(J(a,w,z)) = j(a,e-''^Afe''*?;,z) (A.115) 

which fulfils 

Thus, using the SP(y, r2)-invariance of K, we have 

cp'm*K' = o ^'^jYK = {<i>M o = f^'K = K'. 

This proves that K' is also invariant under SP(V, fi) too. 



A. 5. 7 Jump from one kernel to another 

We have a kernel for the extensions F^^;* (rfl, 0, 2(i) and F5£;*(X,0, 2) 
isomorphism L: F(X, 0, 2) ^ F{dX, dji, 2d) which is the lift of 

dL : T(X, 0, 2) ^ jc-(rfx, d/z, 2d) 
(a, z) H^- (da, V + au, z). 

If K' is a kernel on FgE* {dX, dfi, 2d), then 

Ko = L*K' 

is a kernel on F^e* (^i Oi 2). 

An action $o(A'/) : F(dX, d^, 2d) ^ F(dX, d^, 2d) is given by 

$o(M) = L"^ o$'(Af) oL (A.117) 

where $'(M): F{X, 0,2) F(X,0, 2) is given by equation (A.115). By lemma A. 2, the kernel 
Kq is left-invariant under the action of F and invariant under the following action of SP(V, Vl): 

$o(M)*ifo = Ko. 

Lemma A. 29. 

Let 6rj* and 5^* be two exact forms on T such that ^* and rj* belong to the same coadjoint orbit: 
there exists a g e F such that 

e* oAd(.g) = 77*. (A.118) 

A solution of the problem to find an automorphism a: F —>■ F such that 

H(h) {d^hXh, dauYh) = S^^^iXh, Yh) (A.119) 
for all h e F and X^- Yh G T^F is given by a = Ad(g~^). 



We can consider the 
(A.116) 
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Proof. Transported to the identity, the condition (A. 119) becomes: 

Sri*[dL„(h.)-^dahXh,dLa(h)-^dahYh) = 6C{dLh-iXh, dL^-iYh) 

= Sr,* {A<:\{g-^)dLh-iXh,AA{g-^)dL,,-.Yh). 

If Xh = ^Xh{t)\^_^, we are searching for a a such that 



dt 



a{h)-'a{Xh{t)) 



Ad{g-'){h-'X4t)) 



. t=o dt 

Since tx is a group isomorphism, a(h)~^ = a(h~^) and the constraint on a becomes 

a{h-^Xh{t)) =g-\h-^Xh{t))g. 

A solution is therefore 

a = Ad(ff-i). 



(A.120) 
□ 
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B.l Connectedness of some usual groups 

B.1.1 General results 

The following is a general result about Lie groups: 
Lemma B.l. 

If G is a Lie group and Gq is its identity component, the connected components of G are lateral 
classes ofGo. More specifically, if x e Gi, then Gi = xGq = Gqx. 

An other general result is lemma 2.4 of [ ] states that 

Lemma B.2. 

Connectedness of some usual groups: 

• The groups S\J{p,q), SU*(2n), S0*(2n), p{n,R), and SP{p, q) are all connected. 

• The group SO(p, q) (0 < p < p + q) has exactly two connected components. 

We are not going to prove this lemma here. Instead, we give some detail on the geometric 
nature of the two connected components of SO(p, q); a physical discussion in the case of S0(1, 3) 
can be found in the reference [31]. What is proved in [.>()] is that SO{p,q) is homeomorphic to 
the topological product 



where v e R'', A e 0(p), B e 0{q) are such that detAdeti? = 1. The v part corresponds to 
boost while A and B correspond to pure temporal and pure spatial rotations. An element of 
0(n) has always determinant equals to +1. Therefore one can decompose the rotation part as 
(det A = det B = 1) (det A = det B = —1). Both parts are connected. 

Hence the first connected component contains 1 while the second one contains the element 
that simultaneously changes the sign of one spacial and one temporal direction. 



SO(p, q) = SO{p, q) n SU(p + q)xW = SO(p, q) n SO(39 + g) x R' 



d 



for some d e N. Hence an element of SO(p, q) reads 
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B.1.2 The quotient for anti de Sitter 

Homogeneous space considerations (see section B.9) will naturally lead us to define the anti de 
Sitter space as the quotient G/H = S0(2,Z — 1)/S0(1,Z — 1) while the black hole definition 
(section 1.2) needs to consider Iwasawa decompositions of G. So we face the problem that the 
Iwasawa theorem B.9 only works with connected groups. In order to prevent any problems of 
this type, we prove now that, if Gq and Hq denote the identity component of S0(2, 1 — 1) and 
S0(1, 1 - 1) respectively, then G/H = Gq/Hq. 

The groups that are considered here have only two connected components Go and Gi. We 
can chose ii e Gi n H such that = 1. Using lemma B.l, it easy to prove that 



• Go Go 


= Go 


• GqGi 


= Gi 


• GiGi 


= Go 



For the last one, take g and g' in Gi. Then consider go and g'g in Go such that g = g^ii and 
g' = (?o*i- If ffo(i) Sind 5o(0 path from 1 to go and g'g, then the path go{t)iig'o(t)ii is a path 
from 1 to gg' . 

Proposition B.3. 

The map 

tp-.G/H^Go/Ho 

r 1 — ^^■^> 
[91 '-^ 50 

where we define go = 9 when g e Go or go = gii when g e Gi is a diffeomorphism. The classes 
are [g] = {gh \ h e H} and g = {gho \ ho e Hq}. 

Proof. First we prove that ^ is well defined. For that we suppose that [g] = [g']. There are 
three cases: 

1. The elements g and g' both belong to Gq. In this case, g' = gho with ho e Ho and gh = g. 

2. The element g belongs to Go while g' belongs to Gi. In this case, g' = gh with h = hoii 
and ho e Ho- Then ip[g] = g and 'ip[g'] = (5/10*1)0 = 5^o«iii = 9^0 = 9- 

3. The case with g and g' in Gi is similar. 

The fact that the map ip is surjective is clear. For injectivity, let ip[g] = tp[g']i i-e. there 
exists a ho in Ho such that = goho- Thus we have g'i'l = gi\ho with k,l = 0, 1 following the 
cases. Then g' = gi{hoii in which i{hoii belongs to H, so that [g'] = [g]. 

□ 



B.2 Iwasawa decomposition of Lie groups 

In this section, we show the main steps of the Iwasawa decomposition for a semisimple Lie group. 
We will by the way fix certain notations. For proofs, the reader will see ['2(':] VIA and [ ] III,§ 
3,4 and VI, § 3. In the whole section, G denotes a semisimple group, and g its real Lie algebra. 
The two main examples that are widely used during the thesis are SL(2,]R) and S0(2,n). 
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B.2.1 Cartan decomposition 
Definition B.4. 

An involutive automorphism 9 on a real semi simple Lie algebra q for which the form Be, 

Bg{X,Y):= -BiX,9Y) (B.2) 
(B is the Killing form on g) is positive definite is a Cartan involution. 
Proposition B.5. 

There exists a Cartan involution for every real semisimple Lie algebra. 

See [IS], theorem 4.1. Since 9^ = id, the eigenvalues of a Cartan involution are +1, and we 
can define the Cartan decomposition g 

= «®P (B.3) 

into +l-eigenspaces of 9 in such a way that 9 = (— id)|p @id|{. These eigenspaces are subject 
to the following commutation relations: 

[e,p]cp, [p,p]ct (b.4) 

The dimension of of maximal abelian subalgebra of p is the rank of g. One can prove that it 
does not depend on the choices (Cartan involution and maximal abelian subalgebra). Let a be 
one of such maximal abelian subalgebras. 

Lemma B.6. 

The set of operators ad(a) is an abelian algebra and the elements are self-adjoint. 
B.2. 2 Root space decomposition 

From the lemma, the operators ad(_ff) with H e a are simultaneously diagonalisable. There 
exists a basis {Xi} of g and linear maps A; : a ^ R such that 

a.d{H)X, = K{H)X,. 

For any A e a*, we define 

0A = e Q\{&dH)X = X{H)X, ViJ e a}. (B.5) 

Elements # A e a* such that gx ^ are called restricted roots of g. The set of restricted 
roots is denoted by S, and have the important property to span (among with o itself) the whole 
space: 

= 00 ©AeS 0A, (B.6) 

see [18] theorem 4.2 for a proof. This decomposition is called the restricted root space 
decomposition. Other properties of the root spaces are listed in the following proposition. 

Proposition B.7. 

The spaces gxi satisfy also: 

1- [0A,0p] e Sa+m; 

2. 9g\ = g-\; in particular, when A belongs to Y,, —A belongs to S too, 

3. 00 = a®Zi{a) orthogonally. 



94 



APPENDIX B. TOOLBOX 



B.2.3 Iwasawa decomposition 
Definition B.8. 

Let V be a vector space. A positivity notion (see [.uj, page 154) the data of a subset of 
V such that 

L for any nonzero v &V , v & xor —v 6 , 

2. for any v, w e and any fi e M"*", the elements v + w and fiv are positive. 

A positive element of V is an element of y+. When v is positive, we note v > 0. Let us 
consider a notion of positivity on a* and denote by E"*" the set of positive roots. We define 



The Iwasawa decomposition is given by the following theorem ([ ], theorem 5.12): 
Theorem B.9. 

Let G be a linear connected semisimple group and A = exp a, = exp n where a and n are the 
previously defined algebras. Then A, N and AN are simply connected subgroups of G and the 
multiplication map 

6: Ax N X K ^ G 

is a global diffeomorphism. In particular, the Lie algebra q decomposes as vector space direct sum 



The group AN is a solvable subgroup of G which is called the Iwasawa group, or Iwasawa com- 
ponent of G. 

Notice that A, N and K are unique up to isomorphism. Their matricial representation of 
course depend on choices. 

B.3 Introduction to homogeneous spaces 

Most of the material of this section can be found in a more general framework in the references 
[17, 18, 32, 33]. 

B.3.1 Fundamental and invariant fields 

Let G be a Lie group with Lie algebra g. For each element of g, there are two distinguished 
vector fields on G, the left- invariant and the right-invariant one: 



(B.7) 



= a@n®l 



(B.9) 



t=0 



t=0 



(B.IO) 



dLhXg = Xlig 



dRhKg = 2Lgh- 



(B.ll) 



When G is a Lie group with an action on the manifold M denoted by 



t: G X M ^ M 



(B.12) 



{g,x) ^ Tg{x), 
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we define the fundamental vector field associated with X e q on the point x e M by 
An usual case is the one of a Lie group acting on itself for which we have 




(B.14) 



B.3.2 Homogeneous spaces 

An homogeneous space is a differentiable manifold which posses a transitive difFeomorphism 
group. An important class of homogeneous spaces are quotients M = G/H of a Lie group G by 
a closed subgroup H. In this case, we use the classes at right: 

[g] = {gh\heH} 

and the action at left: 

rAg'] = [99']- 

The canonic projection is tt : G ^ M and we denote d = [e] . We will only deal with this kind of 
homogeneous spaces. The Lie algebras of G and H are denoted by g and f) respectively. 

One know that (almost) every homogeneous space is of this kind in the following way. Let 
M be a homogeneous space and t9, a point of M. We consider G, a group which acts transitively 
on M (in particular, Gd = M) and H, the subgroup of G which fixes d. Then, one proves that 
the map [g] i-^ g-d is a homogeneous space isomorphism between M and G/H. 

One can prove that ker((i7re) = f), and from the very definition of the objects, one has 

diTg o dLg = dTg o diT e ■ (B.15) 

For sake of simplicity, we will use the notation /ig = Tg o tt. 

The homogeneous space G/H is endowed with its natural topology which is defined by the 
requirement that the projection tt is continuous and open. We refer to [ ] for the properties of 
that topology. 

Definition B.IO. 

The homogeneous space M = G/H is reductive is there exists a subspace C\ of g such that 

fl = q®t) [t),q]<=q- 

Proposition B.ll. 

In an reductive homogeneous space, the restriction of the projection diTe '■ q —>■ T§M is an iso- 
morphism. 

Proof. The map dTT^ : = q ® t) ^ T^M is of course surjective; then, since f) is the kernel, 
diTe : q T^M must be surjective too. Now, if we have diZf-X = dneY for Y , X e q, the 
difference {X — Y) must belongs to the kernel of dne which is nothing but [). This situation is 
impossible because g = f) @ q is a direct sum. □ 

We can generalize this proposition by considering the space q^ = dLgq. Using equality (B.15), 
the map diTg o dLg : q T^g]M is an isomorphism. Since, by definition, the map dLg-i : q^ ^ q 
is an isomorphism, we conclude that 

Corollary B.12. 

The restriction dng : q^ —>■ T^^M is a vector space isomorphism. 
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B.3.3 Killing induced product 

Since the Killing form B is an Ad/f-invariant product on q, we can define 

BgiX,Y) = BeidLg-iX,dLg-iY) 

which descent (see [-U] for properties) to a homogeneous metric on T^g^M: 

B[g] (dirX, dT:Y) = Bg (pr X, pr F ) 



(B.16) 
(B.17) 



where pr: TgG dLgq is the canonical projection. An useful property of that projection is 
pr(dLgX) = dLgXq when X = Xq + Xh- Using that property, we can write the product under 
the more manageable form 

B[g^{d^igX,d^igY) = B,ipxX,^rY) 

for all X, r 6 g. 

Although equation (B.14) looks like (B.13), we find a major difference here: the norm of 
q*[g] is not a constant. One should expect that it was a constant because (B.13) expresses a left 
translation while the Killing form is invariant under left translations. But the metric (B.17) is a 
composition of the Killing form with a projection. Let us study this case in details in computing 
the product of two vectors of the form 



X 



[9] 



dn— 
dt 



with X e q: 



B[g]{X*,Y*) = Bg{^T- 



d 






d 




di 






t=o dt 





J 



= Bg (dLg pr Ad(5-i)X, dig pr AA{g-^)Y) 
= Be((Ad(g-i)X)^,(Ad(g-i)r)J 

^Se(Ad(g-i)X,,Ad(.g-i)y,) 
= B,{X,Y) 

where the symbol ^ has to be understood as "not equal in general" because equality holds of 
course for certain particular vectors such as zero. 



B.4 Toolbox for SL{2, E) 
B.4.1 Iwasawa decomposition 

Let G = SL(2, R) the group of 2 x 2 matrices with unit determinant. The Lie algebra q = s[(2, R) 
is the algebra of matrices with vanishing trace: 

= {X 6 End(R2) I Tr(X) = 0} 

(B.18) 



X y 
z —X 



with a;, y, z 6 R 



The following elements will be intensively used: 
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where T = E — F has been introduced for later convenience. The commutators are 

[H, E] = 2E [T, H] = -2T (B.19a) 

[H, F] = -2F [T, E]=H (B.19b) 

[E, F]=H [T, F] = H. (B.19c) 

Notice that the sets {H,E,F}, {H,E,F} and {H,E + F,T} are basis. A Cartan involution is 
given by 0{X) = —X*, and the corresponding Cartan decomposition is 

e = Span{T} 

p = Span{H,E + F} 

Up to some choices, the Iwasawa decomposition of the group SL(2, R) is given by the expo- 
nentiation of a, n and t 

o = Span{iJ} n = Span{£;} 6 = Span{T}, (B.20) 

so that 

^=(o e-j ^=(o ij ^=(-sin)fc cosfcj- (^"^l) 
A common parametrization of AN by is provided by 

(«,0=(o ^'l)- (B.22) 
One immediately has the following formula for the left action of AN on itself: 

/„a + a' a+a' 1/ _, a-a' j\ 

haxM',l') ^ l_tl' ) = (a + a',l' + e-'U). 

In this setting, the inverse is given by (a, Z)^^ = (—a, — Ze^"). 
B.4.2 Killing form 

The Killing form B{X, Y) = Tr(adX o adY) takes the following values: 

B{T, H) = B{H, H)=8 (B.23a) 

B{T,E) = -4 B{E,E) = (B.23b) 

B{H,E) = B{T,T) = -4. (B.23c) 

Expressed in the basis {H, E, F}, the matrix of the Killing form reads 

B = I 4 I (B.24) 

while, in the basis {H, E + F, T}, we find 

B = I 8 I. (B.25) 

The latter is the reason of the name of the vector T: the sign of its norm is different, so that T 
is candidate to be a time-like direction. 
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B.4.3 Abstract root space setting 

Looking on the table (B.19) from an abstract point of view, we see that E and F are eigenvectors 
of ad(i?) with eigenvalues 2 and —2. So a = go = ^H; Q2 = 1R.E; and Q-2 = WiF. Using a more 
abstract notation, the table of SL(2,]R) becomes 

[^0,^21=2^2 (B.26a) 
[^0,^-2] = -2A_2 (B.26b) 
[^2,^-2] =^0- (B.26c) 

B.4.4 Isomorphism 

As pointed out in the chapter II, §6 of [ ], the map (seen as a conjugation in SL(2, (D)) 

ip: SU(1,1) ^ SL(2,R) 



U AUA 



(B.27) 



with A = is an isomorphism between SL(2, K) and SU(1, 1). 

B.5 Root spaces for so (2, 1) 

The algebra 5o(2, 1) is made up from 3x3 matrices such that X^rj + -qX = with vanishing 
trace. If we choice rj = diag(—, — , +), we find matrices of the form 



so(2, 1) 



u 



where a is an antisymmetric 2x2 matrix and u is any 1x2 matrix. We find the Cartan 
decomposition 



If one chooses 




as generator for the abelian subalgebra of V, one finds 



T/i = -1 1 , V. 





as eigenvectors for ad (J) with eigenvalues 1 and —1. The root space decomposition commutator 
table of so(2, 1) is thus given by 

[Vo^Vi\=Vi (B.28a) 
[V^,V-^\ = -V-i (B.28b) 
= -2Fo. (B.28c) 
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Notice that the map (j>{Ao) = 2Vo, (/'(^2) = Vi, (j){A_2) = —V^i provides an isomorphism 
between this table and the one of s[(2,]R), equations (B.26). This fact assures a Lie algebra 
isomorphism s[(2,]R) ~ so(2, 1). We actually have a stronger result: 

Proposition B.13. 

The group SL(2,]R) is a double-covering of the identity component S0o(l,2). 



B.6 Iwasawa decomposition for SO(l,n) 

We saw in the section B.9 that the quotient S0(2, 7i)/S0(l, n) has a particular importance. 
Hence, we will work out the Iwasawa decompositions of these groups imposing certain compati- 
bility conditions. We already build the Cartan involution 6 in such a way that [cr, 9] = 0. 

Now we show that 6 descent to a Cartan involution on H. It is clear that the restriction of 6 
is an involutive automorphism of H. Lemma B.17 assures us that the restriction of the Killing 
form of G to iJ is the Killing form of H, so that the condition of positivity of Bg holds on H as 
well as on G. Last, 6 leaves Ti, invariant. Indeed suppose that 9X-H = + Xq e Ti.@Q. Then 
aOX-j-c = h' — q and 9ah = h' + q; since [6, a] = 0, we have q = 0. 

All that proves that we can use the same Cartan involution on G as well as on H. Since 
9 = id\ic ® (— i(i)|75, it is clear that 



ICn=ICnH, Vn=Vnn 
is the Cartan decomposition of Ti. We can write explicit matrices as 



JC- 



H 



so{n) 



B 



where B is skew-symmetric, and 




...N 



(B.29) 



(B.30) 



(B.31) 



' u J 

One remark that there are no two-dimensional subalgebra of Vu- So An reduces to the choice of 
any element Ji e Vn- A positivity notion is easy to find: the form oj 6 An* such that uj{Ji) = 1 
is positive while —uj is negative. We choose 



/ 




V 1 



1 



The computation of JVn = {X e H \ (ad Ji)X = X} yields the following : 



^^^ 



H ■ 



a 
\0 




a 

a 



V 

VV i 





—a 

A 



I J 



(i 



J 



(B.32) 
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Finally, we consider the algebra TZn = An ®-^n- 

B.7 Iwasawa decomposition for S0(2,n) 

As seen in the general construction and in previous examples, the Iwasawa decomposition of a 
group or an algebra depends on several choices. We will study two out of them in the case of 
S0(2, n) and see that some "compatibility conditions" with the decomposition of SO(l,n) and 
the symmetric space structure of AdS (see section B.9) fix most of choices. 
The Lie algebra Q = so (2, n) is the set 



{X e M(2+„)x(2+n) such that X*^ri + r]X = and Tr X = 0} 



(B.33) 



where rj is the diagonal metric 77 = diag(- 



1 1 I 1 ■ 



+). An element of so(2, n) can be written 



fa u \ 

as X = { „ with the matrices a e M2X2, u e Mnx2, v e -/i/„x2, and B e M„xn- The 
\v BJ 

conditions in (B.33) give: a = —a*, u = v, and B = —B^. Hence, a general matrix of so(2,n) is 
given by 

.u B . 

where a, B are skew-symmetric. 



X 



(B.34) 



B.7.1 Cartan decomposition 

The Cartan decomposition of so(2, n) associated with the Cartan involution 6{X) 



-X* is 



so(2) 



AC - - . , , ^ 

Elements of SO (2) are represented by 





u 



(B.35) 



cos sm ^ 
- sin /i cos /I 

A common abuse of notation in the text will be to identify the angle /i with the element of 
S0(2) itself. In the same spirit, when we speak about a matrix of ^ e S0(2), we mean a matrix 
whose upper left corner is A and the rest is the unit matrix. For example, for AdS'i, the matrix 
-1 6 S0(2) is 

/-I \ 

-1 

1 

V V 

Remark that /C, the compact part of Q is made up from "true" rotations while V contains 
boosts. This remark allows us to guess a right choice of maximal abelian subalgebra in V . Indeed 
elements of A must be boosts and the fact that there are only two time-like directions restricts 
^ to a two dimensional algebra. Up to reparametrization, it is thus generated by tdx + xdt and 
udy + ydt- Hence the following choice seems to be logical: 



Jl 



\ 

1 



1 J 
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/o 


1 



1 0\ 



e Q. 



(B.36) 
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B.7.2 Maximal abelian subalgebra 

The generators of A that we choose are the following linear combination of Ji and J2: 

Hp = Ei3 + S31 + (-1)^(^24 + ^42). (B.37) 

B.7.3 Nilpotent part 

We search the eigenvectors and eigenvalues of a,d{Hp) under the form E = with A e 

M4x4, B 6 M(„_2)x4; C* 6 Af4x(„_2), D 6 -M(„_2) x (n-2) • Remark that, thanks to (B.35), the 
matrix C is completely determined by B: 

( = C'^ = B^\ 

< (Ti 38") 

j B"^^ C^^ B'^^ ' 

The equation to be solved is 

(adFp)£;= (^[5^4.^ ^f)=KE, (B.39) 
with the notation Ap = A (-Hp). 
Search for two non zero eigenvalues 

By "two non zero eigenvalues" , we mean a A 6 A* such that Ai ^ and A2 7^ 0. We immediately 
find D = 0. 

The next step is to determine B by the condition NpB = XpB. We change the range of the 
indices. Now, a, b : 1 ^ A, and i, j : 5 ^ n + 2 and a few computation give 2a Np°-B°-^ = XpB'^^ 
(with sum over a). Taking successively c = 1,2,3,4 and taking into account Ap 7^ 0, we find: 

B^' = XpB^' (B.40a) 
(_l)P54i ^ ^^^2» (B.40b) 

Ap = ±1. (B.40c) 

We can check that the equations obtained by —CNp = XpC are exactly the one that we can find 
directly using (B.38) and (B.40). 

Now, we determine A by the condition [Np, A] = XpA. We know that A and Np are 4x4 
matrices. Again, we redefine the range of the indices: a = 1, 2 and i = 3, 4. Symmetry properties 

of A are A""- = A"^, A'^ = -A^' and A''^ = -A'''', so that 

A = A^^{Ei2 - S21) + A'^'iEa^ + E,a) + A34(£;34 - 

Using equation (B.37), a quite tedious (but direct) computation give the following for [TVp, A]: 



-^23 + (_i)P^14 Al2-(-l)P^34 

_ (_1)P^34 A^^ - (-l)Pyl23 

\ A^^ - (-1)^^12 Q ^14 _ (_1)P^23 1 



(B.41) 
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which has to be equated to XpA. We immediately have A^^ = A^"^ = A^^ = A^"^ = 0. The others 
conditions are: 



XpA^^ =^23 



(B.42a) 
(B.42b) 



Since we are in the case Ap 7^ 0, using the fact that Ap = +1, we easily find A = 0. Now, we 
define A++ e A* by 



(B.43) 



A4 




= 1 


A + 4 


{H2) 


= 1, 


A4 


-{Hi) 


= 1 


A+- 


{H2) 


= -1, 


A_ 


AHi) 


= -1 


A-4 




= 1, 


A_ 


-(Hi) 


= -1 


A__ 




= -1. 


5 —>■ n 


+ 2): 










A++ 


^ V- = 


= E^i 


+ Eu 


+ E.a 


-E,3 


A-+ 




= Eii 


+ E2 


i — E, 


4 + Ei 


A__ 




= E^i 


— El, 


— Ei 


1 — Ei^ 


A+- 




= E4i 


— E2i 


— Ei4 


— Ei2 



(B.44) 



Search for eigenvalues with one zero 

We denote by A(a, 6) the element of A* defined by X{xi,X2){Hi) = Xi. Equations (B.41) and 
(B.42) with for example a = and 6 # give A2 = +2. Serious computation give: 



A(0, -2)-^^^ 



A(0,2) 



M 









1 





1\ 




-1 







-1 














-1 





-1 











1 






( 





1 





-1^ 








-1 





1 





, A( 









1 





-1 




[- 


-1 





1 


0^ 





X(2,0)^ N 



X{-2,0)^L 



/ 1 1^ 

-10 10 
10 1 

\i -1 oy 

/ 1 -1^ 
-10-10 
0-101 
\-i -1 y 



(B.45a) 



(B.45b) 



In these expressions, we only wrote the upper left part of the matrices which are zero everywhere 
else. 



Two vanishing eigenvalues 



We now search for a matrix E of so(2, n) such that {ad Hp)E = for p = 1,2. Taking a look 
at (B.39), we see that D has no more constraints (apart the usual symmetries). The equation 
(B.41) gives us A'^^ = A"^^ = A^^ = A^'^ = 0, but A^^, A^^, ^31^^42 ^^^^ ^^^^^ Therefore we can 
write: 



Oxm) = {x{Ei3 +E3i)+ y{E42 + E24) + 
Remark that Gx(o,a) (^V is spanned by matrices of the form 

/O X 0\ 
y 
a; ' 

yo y oy 



' 








D 



(B.46) 
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so that ^A(o,o) r^V = A. This is a simple consequence of the very definition of A as maximal 
abelian subalgebra of V. 

Choice of positivity 

We are now able to write down the component Af. We just have to "select" some with a 

notion of positivity. Our choice is: 

Af={V,,W,,M,N}, (B.47) 

with i, j : 5 ^ n + 2. A basis of IC is given by Krs = Ers — Egr, and Ka = E12 — E21 with 
r,s: 3 — > n + 2. 

Let us summarize the result obtained. The Iwasawa decomposition of S0(2,n) is given by 

A={Hi,H2} (B.48a) 
Af = {Vi,Wj,M,N} (B.48b) 

1C = {(1 ly (B.48C) 
with i, j : 5 ^ n + 2, a e M2x2, B e Mnxn skew-symmetric, and Hp = Eis + E31 + {—1)^{E24 + 

Ei2)- 

The non-zero commutators in. A®M are : 

(B.49a) 
(B.49b) 
(B.49c) 
(B.49d) 

B.7.4 Second Iwasawa decomposition for S0(2,n) 

Wc know the +1 cigcnspaces decompositions Q=H®Q = 1C@V with [a, ^] = 0, and the 
Iwasawa decomposition An ®A/h ©A^w of Ti. 

For compatibility and simplicity purposes, wc want the Iwasawa decompositions G = A® 
JV ®IC of Q in such a way that An c A and J\fn <= J^- Wc denote by A, N, K, Ah, Nh and 
Kh the analytic connected subgroups of G whose Lie algebras are A, A/", A^, An-, Afn, and KLn 
respectively. 

For the ^-part, we just perform a change of basis 

Ji = ^{H2-H^) (B.50a) 

J2 = \{Hi+H2) (B.50b) 

in order to have Ji eV nH and J2 e P n Q. The involution a has a simpler expression in this 
basis. If a e A*, the notation a* a means f oa, and Qa denotes the root space associated with 
the form a. 

Lemma B.14. 

The involutions a and 9 act on the root spaces by 

(jQif = Qa*ip, (^Gtp = Q-f (B.51) 

for all ip € A* , 



[Vi,Wj]=6ijM 


[Wi,N] 


= -2Vi 


[H,,Vi] = Vi 


[H2,Vi] 


= Vi 


[HuN]=2N 


[H2,M] 


= 2M 


[HuWi] = -Wi 


[H2,Wi] 


= Wi. 
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Proof. Let H eA and X e G^; by definition: [H, X] = (p{H)X. We have 

<fi{H)aX = a[H,X] = [aH,(TX] = ip{aH)aX. 
We conclude that aX e Q^*^. For the second equality, we take X e Q^p and 

[H,ex] = 0[eH,x] = e{(p{0H)x) = -(p{H)e{x). 



□ 



Proposition B.15. 

The involution a changes the sign of the J2 -part of the root spaces: 

(^0(x,y) = Q{x-y) 

where {x,y) denote the coordinates of a root in the basis {-Z*,-/!} of A. 

Proof Since a is an involutivc autoniorphisni, it satisfies [crX, y] = (t[X, crY]. So when X e 
Q(x,y)j we have (ad(Ji))(aX) = xaX and &d{J2){aX) = —yaX. 

□ 



It is also clear that a*a = impUes a{J2) = 0. Indeed, {a*a){J2) = Q!(— J2) = — a(J2), 

because J2 e Q. 

We turn now our attention to the Iwasawa decomposition. As before we are searching for 

'A B^ 



matrices under the form E 



C D 



determines the root spaces reads 

{adJi)E 



with dimensions 4 + (n — 2). The condition which 



[ji,A] j,B\ ^ (A B\ 

-cji ; n c D ' ■ 



(B.52) 



The computations are rather the same as the ones of the first time. The result is 



5(0,0) 



X 
y 



V 



X \ 
y 



(B.53) 



where D e Af(n-2)x(ra-2) is skew-symmetric. Notice that all but the Z)-part of this space is 
spanned by qi and Ji, so the Q-component of that matrix is a multiple of qi. Other root spaces 
are given by 



/(1,0) 



'^Wi= Eoi + En + E, 



H2 



EiA 6 Ti, 



Q(-i,a) '^Yi = —E2i + Eii — Ei2 — En, 

5(0,1) ^Vi= Eli + E^i + Eii — Ei3, 
5(0,-1) Xi = —Eli + E^i — Eii — Eiz 



(B.54a) 
(B.54b) 
(B.54c) 
(B.54d) 
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with^ i: 5 n + 2. For example, 



/ 1\ 


= 1 


\1 -1 oj 



1 

W^= 

1 

\o 1 -1 oy 



(B.55) 



(1,1) 



M 



(-1,1) 



N 



r 


1 





-1\ 


-1 





1 








1 





-1 


v-1 





1 




/o 


1 





1\ 


-1 





1 








1 





1 







-1 


V 



(1,-1) 



L 



/ 1 -1\ 
-10-10 
0-101 

\-i -1 y 



F 







1\ 







/O 1 

-1 -1 
0-10-1 

\ 1 1 y 



(B.56) 



(B.57) 



These are the same spaces as the previous ones. The subtlety is that wc will choice an other 
notion of positivity, so that the space Af will be different. 



1 



-1 <^ 



1 



A 



H 



Figure B.l: The root spaces 

Let us recall the aim of our new decomposition: we want to have TZn <^ Ti- For this purpose, 
the equation (B.32) gives us a constraint on the choice of the positivity notion on A* . First we 
must have t/(o,i) A/". The the upper left 4x4 corner oi Mu is spanned by Q{i^i) — Q(i.-i)- We 
complete our choice of Af with 5(i,o)- The underlying notion of positivity is that the element 
a{a, b) is positive in A* when (a > 0) v (a = a 6 > 0). 

The difference between decomposition and the previous one is the replacement of N by 
L e ^(1.-1). Now 

J\f = {W^,Vj,M,L} (B.58a) 
^ = {Ji,J2}, (B.58b) 

iLet us remember that we are dealing with SO(2, n) and that AdSi is a quotient of SO(2, / — 1), so in the case 
of AdSi the index j runs from 5 to Z + 1. The first anti de Sitter space which contains such root spaces is AdS^. 
More generally, remark that the table (B.59) of so(2,ri) gives the feeling that if something works with AdSn,, it 
will work for AdSi^^. 
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with the commutator table 

[V, ,Wj]= M [Vj ,L] = 2Wj (B . 59a) 

[ Ji ,W,] = W, [J2 , Vi\ = V- (B.59b) 

[Ji, L] = L [J2, L] = -L (B.59c) 

[Ji, M] = M [J2, M] = M. (B.59d) 

It is important to note that Wi, Ji € Ti and J2 e Q. The following change of basis in A reveals 
to be useful in some circumstances: 

Hi = Ji- J2 H2=Ji+ J2 (B.60a) 

which leads to the table 

[V,,Wj] = 5,jM [V,,L] = 2Wj (B.61a) 

[Hi, Vi\ = -V, [H2, Vi\ = V, (B.61b) 

[ifi, W,] = [H2, W{\ = W, (B.61c) 

[ffi, L] = 2L [i?2, M] = 2M. (B.61d) 

B.8 Group realization of low dimensional anti de Sitter 
spaces 

B.8.1 Two dimensional anti de Sitter 

Using notations and conventions of section B.4, the set Ad(G)i/ is a subset of s[(2,R) made 
of elements of norm 8. One can show by brute force computation or using the commutation 
relations that 

Ad(e^^'^e^"-^)i/ = ( - sm{2xK)xN + cos{2xk))H 

+ ( - cos{2xk)xn - sin(2a;K)) {E + F) 
- xnT, 

which is a, following the Killing form (B.25), general element of norm 8 in s[(2,lR). Thus as 

sets, AdS2 is Ad{KN)H. Since A is the stabilizer of H for the adjoint action of G on H and 
G = ANK = KNA, we also have 

AdS2 = G/A = Ad{KN)H = Ad{G)H. 

That provides isomorphisms 



[0,Tr[xWi^ AdS2 



KTMrr (B-62) 



Cyl AdS2 

0,h)^Adie-2^e''^)H. ^^'^^^ 



where Cyl is the usual cylinder in R' 
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B.8.2 Three dimensional anti de Sitter 

The space AdSs is the hyperboloid 



2 2 1 

X — y =1 



(B.64) 



embedded in R^'^. There exists a bijection between R^'^ and the two by two real matrices given 
by 



t 

X 

\yj 



u + X y + t 
y — t u — X 



As far as norm is concerned, we have \\v\\ = det g{v). Among these matrices, the ones of SL(2, R) 
are given by the condition det g = 1, which is precisely the equation of the hyperboloid in R^. 
That shows that AdSs = SL(2,R). 



B.9 Symmetric space structure on anti de Sitter 

The /-dimensional anti de Sitter space AdSi can be described as set of points {u,t, Xi, . . . , xi-i) e 
R^''^^ such that + 1'^ — xl — . . . — xf_i = 1. The next few pages are devoted to describe the 
homogeneous and symmetric space structures on AdSi induced by the transitive an isometric 
action of S0(2, 1 — 1). We suppose that the groups S0(2, 1 — 1) and S0(1, 1 — 1) are parametrized 
in such a way that the second, seen as subgroup of the first one, leaves unchanged the vector 
(1,0, ... ,0). In this case, proposition 4.3 of chapter II in [ ] provides the homogeneous space 
isomorphism 

S0(2, / - 1)/ S0(1, / - 1) ^ AdSi 



[g] 



(B.65) 



where the dot denotes the usual "matrix times vector" action of the representative g 6 [g] in the 
defining representation of S0(2, / — 1) on R^''^^. As far as notations are concerned, the classes 
are taken from the right: [g] = {gh \ h e H}; in particular the class of the identity e is denoted 
by d; the groups S0(2, / — 1) and S0(1,/ — 1) are denoted by G and H respectively and their 
Lie algebras by G and H. Following proposition B.3, we can in fact only consider the identity 
components of G and H. 

Proposition B.16. 

The homogeneous space AdSi is reductive. 

The proof relies on the following lemma and the fact that S0(2,n) is semisimple. 
Lemma B.17. 

If G is a semisimple Lie group and H a semisimple subgroup of G, the restrictions on H of the 
Killing form of G is nondegenerate. 

Proof of proposition B.16. From the Killing form of G , one defines 

Q = n^ = {Xeg: B{X, H)=OyHe H}. 
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Let H, H' e H and Y e Q. From ad-invariance of the Killing form, we have B([H, Y], H') = 0. 
Hence (ad(H)Q) a Q and the claim is proved. 

□ 

Matrices of S0(2, n) are (2 + n) x (2 + n) matrices while the n-dimensional anti de Sitter 
space is a quotient of SO (2, n — 1). In order to avoid confusions, we will reserve the letter n to 
the study of the group S0(2,n) and the letter I will denote the dimension of the anti de Sitter 
space which will thus be AdSi. 

Let us provide a matrix representation now. The matrices of 5o(l,rt) have to be seen as 
matrices of so(2, n) with the condition Y^a + aY = for the "metric" a = diag{0, —,+,..., +). 
Hence, 



n=50{l,n) 



f 


















(■: 


,] 







V 




I: 


l) 



B 



(B.66) 



where v e M„xi and B 6 Mnxn is skew-symmetric. Comparing this with the general form (B.34) 
of a matrix of so (2, n) matrix, one immediately finds that, with the choice 








a 




—a 







ft 


:\ 




w 





v 


u 


■■) 



w 
•0- 



(B.67) 



J 

the decomposition Q = H® Q is reductive: 

[K Q] e Q, [Q, Q] Q H, 

and B{H, Q) = 0. In the sequel, we will use the basis of Q defined by 

Qo = Ei2 — E21, Qi = Eli + Eii. 



(B.68) 



(B.69) 



We define the involutive automorphism cr = id — id)|Q. The vector space Q can be identified 
with the tangent space T^^-^AdSi, and that identification can be extended by defining Qg = dLgQ. 
In this case di:: Qg T^g-^AdSi is a vector space isomorphism. A homogeneous metric on 
T^g-^AdSi is defined as in subsection B.3.3. 

Cartan decomposition of S0(2, 1 — 1) are of crucial importance in chapter 1, so that we want 
to use a Cartan involution 9 such that [a, 9] = (see [.'2] page 153, theorem 2.1). One can 
show that X 1—^ —X^ has that property. The corresponding Cartan decomposition is described 
in appendix B.7.1. 

As a consequence of relations (B.68), 



dTrAd(h) = Ad(h)dTT 



(B.70) 



because, if X e Q, dTr-^{X) = {X +Y \Y e H}, so Ad{h)Y e H and Ad{h)X e Q. 
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B.IO Iwasawa decomposition for 5[(2, C) 

Matrices of s[(2, (D) are acting on (D^ as 



a + bi 
c + di 



{aia - a2b + (3ic — (32(1) + i{a2a + aib + P2C + (3id) 
(71a - 726 - aic + a2d) + i(72a + "fib - a2C - aid) 

if a = ai + ia2- Our aim is to embed SL(2, (D) in SP(2, R) (see sections B.ll and 2.3), so that 
we want a four dimensional realization of s[(2, (D). It is easy to rewrite the previous action under 

the form of acting of the vertical four component vector (a, 5, c, d). The result is that 

a general matrix of s[(2, (D) reads 



s[(2,C)- 



ai 


-a2 


a2 


ai 


71 


-72 


72 


71 



Pi 


-P2 


P2 


Pi 


-ai 




—a2 


-ai 



(B.71) 



The boxes are drawn for visual convenience. Using the Cartan involution 9{X) = —X*, we find 
the following Cartan decomposition: 



5[(2,C) 






—a2 


a2 






"^51(2, C) 



-Pi 


-P2 


P2 


-Pi 


ai 








ai 


-Pi 


-P2 


P2 


-Pi 



Pi 


-P2 


P2 


Pi 





a2 


—a2 





Pi 


-P2 


P2 


Pi 





a2 


—a2 






(B.72) 



We have dimV. 



0[(2,C) 



one dimensional algebra generated by 

The corresponding root spaces are 
• s[(2,C)o: 



3 and dim7'5[(2,c) = 3. A maximal abelian subalgebra of 7^si(2,c) is the 
1 

-1 

\ -V 



/I 



h 



-V 



1 



1 
-1 0/ 
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• 5[(2,€)2: 



/ 

/ 




1 


0> 




/ 

1 














1 


, D2 = 




1 


























J 
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f 











f 





°^ 












, C2 = 










1 












-1 




^0 


1 




/ 









/ 



It is natural to choice 5[(2, (D)2 as positive root space system. In this case, Af^i(^2,C) = {Di, D2}, 
-^s[(2,c) = Ui} and the table of A® N' is 

[h,Di]=2Di [Di,D2]=0 (B.73) 

[h,D2] = 2D2 (B.74) 



B.ll Symplectic group 



B.11.1 Iwasawa decomposition 

A simple computation shows that 4x4 matrices subject to ^*rj + ft A = are given by 



B 

-A* 



where A is any 2x2 matrix while B and C are symmetric matrices. Looking at general form 
(B.71), we see that the operation to invert the two last column and then to invert the two last 
lines provides a homomorphism (j>: sl(2, (D) sp(2,]R). The aim is now to build an Iwasawa 
decomposition of 0p(2,]R) which "contains" the one of s[(2,(D). 

Using the Cartan involution 9{X) = —X*-, we find the Cartan decomposition 



5p(2,]R) 



A S 
-S A 



sp(2,R) 



S'' 
-S 



(B.75) 



where S and S' are any symmetric matrices while A is a, skew-symmetric one. We have 
dim/C5p(2,]R) = 4 and dim7'sp(2,R) = 6. It turns out that 0(/Cg[(2,c)) <= ^5p(2,R) and (?!)(Ps[(2,c)) <= 
^6P(2,R)- A maximal abelian subalgebra of 7^5p(2,R,) is spanned by the matrices A'^ and A'2 listed 
below and the corresponding root spaces are: 

. 5p(2,]R)(o,o): 







-1 



A' 



1 



-V 







-1 
0/ 



sp(2,Il) 



(0,2)- 



/I 



X' 



-V 
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sp(2,]R)(o,_2): 



sp(2,Il)(2,o): 



sp(2,Il)(2,2): 



sp(2,Il)(2,_2): 



5p(2,]R)(_2,o) 



5P(2,II)(_2,2): 



5p(2,R)(_2,_2): 



V 



/I 1 

-1 -1 

V 



-1 1 
-1 ly 



w 



( 1 o\ 

-1 


\0 



L' 



M' 



( 1 A 

1 1 



Vo j 



( 1 -i\ 
-1 1 



vo / 



0^ 



1 

vo -1 / 



( 

1 -1 

V-1 1 



o\ 





F' 



( o\ 



1 1 

VI 1 J 



It is important to notice how do the root spaces of s[(2, (D) embed: 



</.(/! ) = A\ 

L' -M' 



V -X' 



2 

F' -N' 



(j){D2) = -W 
HC2) = Y'. 



(B.76) 
(B.77) 

(B.78) 



112 



APPENDIX B. TOOLBOX 



So A/^p(2,R) must at least contain the elements L', M' and W. We complete the notion of 
positivity by V. The Iwasawa algebra reads 

-4sp(2,R) = {Bl,B2} 



with 





■^sp(2,R) 


= {L',M',W',V'} 




[L',V'] 


= -AW 


[W'X] 


= -2M 


[B[,L'] 


= 2L' 


[B'2,M'] 


= 2M' 


[B[,W'] 


= w 


[B'2,W'] 


= W 


[B[,V'] 


= -V 


[B'2,V'] 


= V' 



where B[ = \{A\ + A'2) and B2 = \{A\ — A'2). Generators of /Csp(2,]R) by 



K'2 



-1 



1 0\ 

1 

) 

1\ 

1 



-1 





V-1 

Notice that [K[, K^] = for i = 1, 2, 3 



/O 1 
-1 

V 



1 

0/ 

-1 

) 



B.11.2 Isomorphism 

The following provides an isomorphism %p: 5o(2,3) sp(2,]R): 



i^m = Bi 




= K 


il,(W) = W 




2 ^ 


i}{M) = M' 


^(-R2) 


2 2 


^P{L) = V 




2 ^ 


i^{V) = \v' 







where the i?i's are the generators of the so(3) part of K,so(2,z) satisfying the relations \Ri,Rj\ = 
f-ijkRk- It is now easy to check that the image of the embedding s[(2, (D) — > 5p(2, R) is exactly 
so(l, 3), so that 

ij;-''o(j): s[(2,(D) ^ W (B.79) 

is an isomorphism which realises Ti. as subalgebra of sp(2, R). This circumstance will be useful 
in defining a spin structure on AdS^. 

One can prove that the kernel of the adjoint representation of SP{2, R) on its Lie algebra is 
+ 1, in other words, Ad(a) = id if and only if a = +1. We define a bijective map h: S0(2, 3) — > 
SP(2,R)/Z2 by the requirement that 



V(Ad(5)X) =Ad {h{g))i;{X) 



(B.80) 
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for every X e so(2, 3). The following is true for all tl^{X): 

Ad {h{gg'))i^{X) = ^(Ad(5)(Ad(g')^)) 
= Ad {h{g))i^{Ad{g')X) 
= Ad {h{g)hig'))i,iX), 

the map h is therefore a homomorphism. If an element a e SP(2,R) reads a = q^a^Xn^Xk 
in the Iwasawa decomposition, the property Ad{a)tp{X) = tp(^Ad{g)X) holds for the element 
g = f,4>-'XA^i^-^Xr,^i^-^XK of SO(2,3). This shows that h is surjective. 

B.11.3 Reductive structure on the symplectic group 

A lot of structure of so (2, 3), such as the reductive homogeneous space decomposition as Q®TL, 
can be immediately transported from 5o(2,3) to 5p(2,R). Indeed, let T = V'(Q) I = 
0(s[(2, C)). We have the direct sum decomposition 

sp(2,R) =T@I. 

Let X e T n T, then il;~^X belongs to Q n H which only contains 0. The fact that -0 is an 
isomorphism yields that X = 0. Since "0 preserves linear independence, a simple dimension 
counting shows that the sum actually spans the whole space. 
Putting g = h^^{a) in the definition (B.80) of h, we find 

V' (Ad {h-\a))X) = Ad{a)^P{X). 

Considering a path a{t) with a(0) = e, we differentiate this expression with respect to t at t = 
we find 

Sid{dh-^a)X = dV"Had(a)V'(^)) = ad(dV"^a) V^), 

but dip = ip because ip is linear, hence [dh~^d, X] = [ip~^d,X] for all X e so(2, 3) and d 6 
sp(2,R). We deduce that (dh-'^)e = -0"^ We define 

d.p =idk., ®(-id)|p,p 
CTsp =id|r®(-id)|i. 

We can check that o 0^^ o ip = 6 and -tp^^ ° ^'sp oip = 0- Then it is clear that 

[<y5p,05p] = 

using the corresponding vanishing commutator in so(2, 3). We denote 7a = dLaT and the fact 
that dp = dw o dh~^ = dn o %p~^ shows that dp(Ta) is a basis of Tp(a){G/H). So we consider the 
basis ti = tp(cii) of T and the corresponding left-invariant vector fields ti{a) = dLati. 



B.12 Some symplectic and Poisson geometry 
B.12.1 Symplectic manifold 

A symplectic structure on a vector space y is a skew-symmetric, nondegenerate bilinear 2- 
form Vl : V x V — >■ R. We define the symplectic group SP(il) as the group of linear operators 
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A: V ^ V such that n{Au, Av) = il{u, v) for every u, v e V. It is easy to see that elements of 
SP(^^) satisfy 

A*nA = n. (B.81) 

The Lie algebra of SP(r2) is denoted by sp(ri). Taking the derivative of equation (B.81) with 
respect to A, one finds the following condition for B e sp(17): 

flB + B^n = 0. (B.82) 

A symplectic manifold is the data of a smooth manifold M and a symplectic structure ujx 
on each tangent space T^M . The map a; cja, is required to be a smooth section of the 2-tensor 
bundle. 

Definition B.18. 

A symplectic Lie algebra is a Lie algebra s endowed with a symplectic structure lo such that 
\fx, y, z e 5, 

uj{[x, y],z)+ uj{[y, z],x)+ x],y) = 0. (B.83) 



B.12.2 Poisson manifold 

Let M be a smooth manifold. A Poisson bracket, or a Poisson structure on M is a map 
{.,.}: C'-' iM) X C=^(M) ^ C'^'{M) such that 

1. (C*(M), {.,.}) is a Lie algebra, 

2. for each / e C''^'{M), the map {/, .} is a derivation of the algebra C'^'{M): 

{f,9h} = {f,g}h + g{f,h}. 

B.12.3 Hamiltonian action 

Let (MijCJi) and {M2,uj2) be symplectic manifolds. A symplectomorphism from Mi to AI2 
is a diffeomorphism (p: Mi —>■ M2 such that ip*LU2 = loi- 

For any function / e C"^(M), we define the Hamiltonian field Xf 6 X(M) associated with 
/ by 

i{Xf)uj = df. (B.84) 

Existence is assured because oj is nondegenerate. A symplectic structure induces a Poisson 
bracket by defining 

{f,g} = -^{Xf,X,) = -Xg{f)=Xf{g). (B.85) 

In local coordinates, one can write ui = ^Uijdx'^ a dx^ and Xf = uj'^^difdj, where (a;*-') is the 
inverse matrix of (ujij). The Poisson tensor defined by 

{f,g} = P"dkfdig, (B.86) 

is nothing else than P = uj~^. 
Theorem B.19. 

If (p: M M' is a diffeomorphism between two Poisson manifolds {M,P) and (M',P'), then 
the following are equivalent: 
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1. tp^{Xfo^) = X'p 

2. {uoif^voif] = {u, v}' o ip, 

3. v^P = P', 

If moreover the Poisson structures P and P' come from symplectic forms lu and lo' , 

4. (p*u;' = LO. 

Now, we consider a symplectic action r: GxM^M of a Lie group G on M (i.e. Tgi M ^ M 
is a symplectic transformation of M for each g e G). The action is Hamiltonian if, for every 
X e 0, there exists a map Ax 6 C"^ (M, (D) such that 

i{X*)uj = dXx, (B.87a) 

{Ax,Ay} = A[x,y]. (B.87b) 

Definition B.20. 

The map X: Q —y C'^-'(M) which satisfies (B.87) is the dual momentum map while the momen- 
tum map is J : M ^ Q* defined by 

Xx{x)=(J{x),X} (B.88) 

for all Xeg. 

B.12. 4 Coadjoint orbits 

Let G be a Lie group and Q its Lie algebra. We know that G acts on the dual G* hy 

g-^ = C°Ad(.g-i)=Ad(5)*? (B.89) 

for g & G and ^ e C/*. The second equality defines the coadjoint action Ad* : G x Q* Q* . 
In other words, for X € Q, 

(9 ■ OiX) = (LAd{g-')X) = <Ad(5)*(0,X>. 

In this context, the notion of fundamental fields is given bu X* = ^oad(X). Let 9^ = {g-£,\g G G}, 
the orbit of ^ in ^/*. It can be shown that 

Cu4X:,Y:)=(x,[X,Y]y (B.90) 

defines a symplectic form on 9^, the coadjoint orbit of ^. 

Proposition B.21. 

The coadjoint action is Hamiltonian. 

B.12. 5 Central extension 



Let Q he a. Lie algebra. A Chevalley coboundary is a 2-form which reads for a certain 
^ e Q* with S defined by 

{SO{A,B) = -^{[A,B]). (B.91) 



Let i7 be a 2-cocycle. If it is not a coboundary, we add an element C in Q and we consider 
G' = G ® HC with the Lie algebra structure 

[A + s,B + t]g, = [A, B]g + n{A, B)C. (B.92) 

This is the central extension of G with respect to the 2-cocycle fl. The terminology comes from 
the fact that the extension RC belongs to the center of G'- The point is that is a coboundary 
in G' because 

{SC*){A,B) = C*[A,B]g, = C* {[A, B]g + n{A, B)C) = n{A,B), (B.93) 
so that fl = SC*. 

Now we suppose that the group G acts on a manifold M. We define the action of the extended 
group G' = G(S)e^'^ by saying that the "new" part does not act: {g,s) ■ x = g ■ x. Fundamental 
fields remains unchanged: 

{X,s)*=X*. (B.94) 

If the action of G on M is weakly Hamiltonian, we have functions fix - M C such that 
i{X*)Lu = dfix- These functions fulfil X* = {px, ■}■ We define 

Ax.s = fj-x+s. (B.95) 

Proposition B.22. 

The action of G' is (strongly) Hamiltonian for these functions. 
Proof. From equation (B.94), we have {/ix, ■} = {mx.s, •} hence 

{^(x.s),^(Y.t)} = {fJ-x,HY} = +Cx.Y (B.96) 

for certain constants Cxy which satisfy the property Mr} — = 0. Therefore 

{^iX,s),^(Y,t)} = \x,Y],Cx,Y = \{X,s),{Y,t)]- (B.97) 

□ 

The sense of the whole construction is the following. When the action G is weakly Hamiltonian 
on M, we have functions /ix which define by 

{mx, Mr } = M[x.Y] + ^{X, Y). 

In this case, the corresponding group extension has a strongly Hamiltonian action with momen- 
tum maps given by (B.95). 



Conclusion 



In a first time wc defined a black hole in anti de Sitter space. This construction is not related 
to any metric divergence but is a dimensional generalization of a causal black hole whose sin- 
gularity is dictated by causal issues. The originality of our approach lies in the fact that our 
method uses essentially group theoretical and symmetric spaces techniques. That result should 
be generalisable to any semisimple symmetric space. 

Then we proved that the physical domain of the black hole (the non singular part) is equiv- 
alent to a group in the sense that there exists a group which acts freely and transitively by 
diffeomorphisms. So we identify the group with the manifold and it is easy to prove that the 
latter group is a split extension of an Heisenberg group which happens to be quantizable by a 
twisted pull-back of a previously known quantization of SU(1, n). 

We also proved two somewhat out of subject small results. The first one is the fact that a 
deformation of the half-plane by Unterberger can be transported to a deformation of the Iwasawa 
subgroup of SL(2, M) which can in turn deform (by the group action method) the dual of its 
Lie algebra. We showed however that that deformation is not universal; indeed we pointed out 
two different actions of the Iwasawa subgroup of SL(2, R) on AdS2 for which the deformation by 
group action method reveals to be unable to even multiply two compactly supported functions. 
An interesting question is to know the precise point in the construction of Unterberger which 
makes his product non universal. 

The second small result is a proof of concept for quantization of the Iwasawa subgroup 
of S0(2,n) by the method of the extension lemma. We wrote S0(2,n) as a symplectic split 
extension of SU(l,n) by SU(1,1). The extension lemma then provided a kernel on S0(2,n) 
because kernels were known on SU(1, 1) and SU(l,n). Is that quantization equivalent in some 
sense to the one that we performed in the main line of the black hole deformation ? That question 
still has to be solved. 

As a final remark, I want to point out that the major challenge of this century is not quan- 
tization, but global warming. 
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